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FOREWORD 

This repor t  was prepared by the Aerospace Sciences Laboratory of the 

Lockheed Missiles and Space Company, Sunnyvale, California. It pre­

sents  the  f i n a l  documentation f o r  the d i g i t a l  computer Program f o r  

Rapid Earth-to-Space Trajectory Optimization (PRESTO) developed by 

Lockheed f o r  the Langley Research Center under NASA contract  NAS1-2678. 

The computer program described herein was obtained from the NASA Request 

f o r  Proposal L-2704, Computer Program f o r  Powered Trajectory Optimi­

zation. The development of t h i s  program was administered by the National 

Aeronautics and Space Administration under the d i rec t ion  of Messers J. D. 

Bird and J .  R. E l l i o t t  with Mr. A. E. Brown ac t ing  as  contract monitor. 

Development of the program presented i n  t h i s  repor t  began i n  April 1963 

and was completed i n  May 1964. M r .  R. E. Willwerth was responsible f o r  

program development. Optimization and control  techniques were developed 

by R. C .  Rosenbaum and the major port ion of the programming was done by 

Wong Chuck. The work was performed under the cognizance of R. L. Nelson 

and D. I. Kepler of the LMSC Aerospace Sciences Laboratory. 

This report  together with a FORTRAN source l i s t i n g  binary object deck and 

symbolic deck concludes the work prescribed on contract  NAS1-2678. 
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hbstrac t 

The d i g i t a l  computer Pmgram f o r  Rapid Earth-toapace Trajectory Opti­

mization (PRESTO) uses  a ttclosed looptt s teepest  descent optimization 

procedure to derive f l i g h t  t r a j ec to r i e s  that produce maximum booster 

payloads for a v a r i e t y  of space missions. Trajector ies  can b e  computed 

i n  th ree  degrees of freedom about a spherical  ro ta t ing  ear th .  Four powered 

s tages  and three  upper stage t h r u s t  cycles are accommodated. Coast periods 

a r e  permitted between each s tage.  Aerodynamic lift and drag forces  a r e  

included i n  the computations. 

Par t icu lar  a t t en t ion  has been devoted during program development t o  comput­

ing speed. The convergence scheime, the general program arrangement and the  

subroutines have been se lec ted  with this i n  mind. I n  some cases  standard 

subroutines have been modified t o  provide s igni f icant  increases  in speed 

for  special  appl icat ions.  IEI4 709L computing t imes under one minute a r e  

cur ren t ly  being real ized f o r  complete th ree  stage boost t r a j ec to ry  opt i ­

mizations from the  ea r th ' s  surface t o  ear th  o rb i t .  

The optimization routine simultaneously considers the launch d i rec t ion  and 

time, the in te rs tage  coast  durations,  the upper s tage t h r u s t  sequuencing, 

t he  complete p i tch  and yaw a t t i t u d e  h i s t o r i e s  and the terminal cons t ra in ts .  

Intermediate cons t ra in ts  may be introduced on angle of a t tack ,  coast  o r b i t  

perigee a l t i t u d e  or  on the produck of angle of a t t a c k  and dynamic pressure.  

The closed loop procedure great2.y f a c i l i t a t e s  t he  sa t i s f ac t ion  of tenninal 

cons t ra in ts  and reduces the number of i t e r a t i o n s  required t o  achieve 

convergence. 
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Four basic missions a r e  accommodated by PRESTO; ear th  launch t o  ear th  orb i t ,  

ear th  launch t o  lunar  t ransfer ,  lunar landing from lunar  o r b i t  and ear th  

launch t o  interplgnetary transfer. The lunar  a d  interplanetary t ransfer  

missions can also be i n i t i a t e d  from e a r t h  o r b i t .  Terminal constraints  for 

these missions have been developed in functional form. This allows the 

optimization of t h e  combination of constraints  required f o r  specif ic  mis­

sions along with t h e  boost t ra jec tory  shape. From one t o  six terminal 

cons t ra in ts  a re  permitted on earth o r b i t  arLd l u m r  landing missions, two 

or th ree  constraints  on lunar t ransfers  and two cons t ra in ts  on interplane­

t a r y  missions. Lunar,  Mars, and Venus ephemeris rout ines  are included in 

the program. 

For o r b i t  missions cons t ra in ts  a r e  imposed e i t h e r  d i r e c t l y  on the in jec t ion  

t ra jec tory  var iab les  o r  on the  o r b i t  elements. When the o r b i t  eleiients 

a re  specified, the  funct ional  constraint  re la t ionships  a r e  used. For lunar 

missions the constraint  input i s  t ransfer  time, day of launch and, Ff 

desired, t r a n s f e r  o r b i t  incl inat ion.  The cons t ra in t  rout ine defines the 

functional re la t ionships  between the  in jec t ion  t r a j e c t o r y  var iables  t h a t  

produce t h e  required lunar  intercept  using spec ia l  closed form expressions 

t o  represent t h e  t r a n s f e r  orb i t .  For interplanetary missions the constraint  

inputs  a r e  t r a n s f e r  time and launch date .  The departure asymptote direct ion 

and excess speed are computed from a matched conics rout ine and the funct ional  

re la t ionships  between the in jec t ion  t r a j e c t o r y  variables a r e  defined in te rns  

of ~e excess speed and the  departure asymptote direct ion.  
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INTRODUCTION 

The a b i l i t y  t o  evaluate t h e  performance of multi-stage boost systems i s  

a primary requirement f o r  mission planning and preliminary design studies.  

The preliminary nature of the studies  d i c t a t e s  a minimum expenditure of 

both t i m e  and money. 

Unfortunately, l a r g e  boost systems a r e  usually l imi t ed  by the propulsion 

uni t s ,  and therefore  de l iver  nnxi" payload w i t h  low stage thrust-to-weight 

r a t i o s .  This charac te r i s t ic  compounds the  performance problem by increasing 

the  s e n s i t i v i t y  of perfo-nce t o  the rrtiltfror t h r u s t  vector or ientat ion 

program. Consequently t h e  s e n s i t i v i t y  of performance t o  changes i n  hard­

ware parameters cannot be properly evaluated unless the  e f f e c t  of tilt 

program changes i s  eliminated by optimizing the tilt program for  each s e t  

of parameters. I n  the past, optimization of tilt programs during a para­

metric preliminary design study has been almost prohibi t ively expensive. 

Additional complications a r e  introduced &en t h e  mission requires the s a t i s ­

fac t ion  of a number of terminal o r  intermediate constraints .  For some 

missions, these cons t ra in ts  may not be imposed d i r e c t l y  on the t ra jectory 

var iables  but  may only require  t h a t  those var iab les  be  funct ional ly  re la ted.  

Such is usual ly  the  case f o r  interplanetary missions, for  example, where 

the terminal cons t ra in ts  may be t h e  hyperbolic excess speed and the  departure 

asymptote direct ion.  The posi t ion and veloci ty  vectors  a t  inject ion a r e  then 

in te r re la ted  but not fixed, and t h e  f i n a l  combination of these vectors t h a t  

is selected should be optimized along with the booster tilt program i f  

"umperformance is desired.  
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Final ly  a number of parameters defining such quan t i t i e s  as the i n i t i a l  

launch vectors,  the coast  periods between powered stages,  and the upper 

stage t h r u s t  cycles may be t reated a s  var iables  f o r  ce r t a in  boost hard­

ware combinations. These "adjustable parameters" should then be optimized 

along with the tilt program and the terminal constraint  combination t o  

produce maximum performance. 

Recently, procedures t h a t  allow rapid and economical evaluation of t ilt  

h i s t o r i e s  have been developed. Recognizing the problem and the  po ten t i a l  

of the new techniques, NASA formulated a request (L-2704) f o r  development, 

of a d i g i t a l  program t h a t  w i l l  incorporate the new technology and provide 

a s ign i f i can t  advance i n  capabili ty.  L S C  a l s o  recognized the  po ten t i a l  

of these developments and has vigorously pursued t h e i r  exploitation. The 

new.NASA program represents a natural  extension of new optimization pro­

grams already developed by LMSC toward problems with addi t ional  degrees of 

freedom and more complicated constraints.  

The d i g i t a l  computer Program f o r  Rapid Earth-to-Space Trajectory Optimiza­

t ion  (PRESTO) described i n  t h i s  document was developed t o  solve the  

performance problem outlined above f o r  o r b i t a l ,  lunar and interplanetary 

missions. The formulation is  such t h a t  solut ions can be obtained i n  a 

s ingle  computer run with a minimum of computer time. Optimization of 

p i t ch  and yaw tilt programs, constraint  combinations and a var ie ty  of 

adjustable parameters i s  accomplished simultaneously with a closed loop 

s teepest  descent optimization routine. 
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A general  descr ipt ion of t he  program organization i s  presented i n  Section 4 

along with flow diagrams f o r  the l a rge  subroutines. Symbols are defined 

i n  Section 5 .  Section 6 serves as a manual f o r  operating the program. 

The data  input and output formats are described and instruct ions a r e  

given f o r  using the  program options. The sect ion concludes with a few 

comments on trouble shooting. A l l  equations used i n  the program are 

given i n  Section 7. Section 8 provides a discussion of the theo re t i ca l  

methods used i n  the program and a de ta i led  descr ipt ion of the programming 

of the basic  optimization equations. Several of the subroutines i n  the 

program are of general  i n t e r e s t  and may be used i n  other programs. 

These a r e  described i n  Section 9. Special  program options a r e  discussed 

i n  Section 10. 
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PROGRAI4 ORGANIZATION 

I n  t h i s  sect ion the overa l l  format of PRESTO i s  presented. The 


sequence of t ra jec tory  i t e r a t i o n s  leading to an optimum is first 


described. Then the program organization, showing the  general  


computation flow among t h e  various subprograms, i s  discussed. 


Finally,  l ists of functions performed i n  each subroutine a r e  pro­


vided along w i t h  block flow diagrams of some of t h e  individual, 


more complicated, subroutines. 


Sequence of Trajectory I t e r a t i o n s  


The several  types of t r a j e c t o r y  computations used in t h i s  program f a l l  


first i n t o  the categories  of e i t h e r  "forwardt1 or I1backward." On a 


forward t ra jec tory  time proceeds pos i t ive ly  and on a backward t ra ­ 


jectory,  negatively. On a forward t ra jec tory  only the equations 


of motion a r e  integrated; on a backward t ra jec tory  t h e  adjoint  


d i f f e r e n t i a l  equations a r e  solved. The next major categories a re  


Itguidance" or ltoptimization.tt On a guidance t ra jec tory  one is  


concerned only with meeting terminal cons t ra in ts  on the  t ra jectory 


variables;  i n  optimization, mss improvenent is  attempted a s  well. 


Since solutions of t h e  ad jo in t  equations a r e  used d i f fe ren t ly  f o r  


forward guidance vs. optimization runs, a forward guidance m n  must 


be preceded by a backward guidance run. Similarly, a forward optimiz­


a t i o n  run is preceded by a backward optimization run. Detai ls  of t h e  


differences between these a r e  defined i n  Section 8 (Optimization 


Equations). The remaining major categories a r e  lfsuccessfulflor "unsuc­


cessful, t l  as judged a t  the end of each forward t ra jec tory .  A successful 


forward guidance t ra jec tory  s a t i s f i e s  terminal constraints  within 
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acceptable limits, and a successful forward optimization achieves 

some increase i n  terminal mss a s  well. 

The sequence gf t r a j e c t o r y  i t e r a t i o n s  starts with the f i n a l  category 

of run, the  i n i t i a l  noininal. This, of necessity,  is simply an "open­

looplf integrat ion of t h e  equations of motion using an input thrust-

direct ion his tory.  This t ra jec tory  is then used a s  t h e  bas i s  f o r  a 

backward guidance t ra jectory,  which is followed by a forward guidance 

run. It i s  always assumed t h a t  a forward guidance t ra jec tory  repre­

sents  an improvement over the previous nominal. Thus each forward 

guidance t ra jec tory  becomes the new nominal and the basis  f o r  a new 

solution of the ad jo in t  equations. Backward and forward guidance 

runs a r e  continued u n t i l  one is judged flsuccessful.ff  A t  this point a 

backward optimization mn is  made and the mgnitude of t h e  i n i t i a l  mass 

improvement attempt i s  computed ( s e e  Section 8 ) . A forward optimization 

run is made. If it is successful, it is  used a s  the new nominal and 

backward and forward optimization t r a j e c t o r i e s  a r e  computed, e tc .  If 

it is  unsuccessful, t h a t  t ra jec tory  is discarded and another forward 

optimization is computed w i t h  half of the previous attempt a t  mass 

improvement specified,  etc. Thus, a succession of successful and 

unsuccessful optimization runs are computed e i t h e r  u n t i l  the attempted 

mass improvement i s  smaller than a spec i f ied  epsilon-weight or until 

the count of forward t r a j e c t o r i e s  is within one of a spec i f ied  l i m i t .  

In  e i t h e r  case, the  sequence is then ended with a backward and a 

forward guidance t r a j e c t o r y  . 
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P R E S T O  

PROGRAM SUBROUTINES AND GENERAL 
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P R E S T O  

Sub-Program Names and Functions 

1. MAIN Program 

Se t  constants 

Call  REIN 

C a l l  OPTION 

Compute in tegra t ion  in t e rva l s  

Set  up f l ags  f o r  adjustable  parameters 

Make l i f t - o f f  calculat ion 

Set  l imi t s  on d i f f e r e n t i a l  equations t o  be integrated 

Determine what type o f  t ra jec tory  i s  t o  be computed 

Set  up i n i t i a l  values f o r  s tage indices  

Compute i n i t i a l  delt-mass desired 

Increment launch and stage weights 

Call  ICs 

Cal l  TRAJ 

Check on meeting terminal cons t ra in ts  

Update lunar posi t ion data 

Check on success of optimization 

Store charac te r i s t ics  of successful run 


2. TRAJECTORY Subroutine 

I n i t i a l  entry 

Se t  integrat ion t o  Runge-Kutta 

Set  i n i t i a l  stage and bring i n  s tage data 

Se t  output frequency (vs.  s tage and type o f  t ra jec tory)  

Pick up f i rs t  poin t  on backward t ra jec tory  


Loop ent ry  

Test f o r  time t o  s e t  switch t o  compute change i n  adjustable  parameter 
Adjust matrices row l imi t s  f o r  s tor ing  and picking up: 

t ra jec tory  var iables  
cap i t a l  lambda's or B's or D ' s  

Ca l l  INSTOP 

Call  PCAL 

Logic f o r  coast perigee and c i r cu la r  park o r b i t  constraints  

Call  COAST 

Determine i n i t i a l  in tegra t ion  s t ep  s i z e  

Compute P matrix 

Compute S matrix 

Test f o r  end of stage and/or t r a j ec to ry  

Call MEQ 

Return t o  loop en t ry  or  i n i t i a l  en t ry  

Call  MISCON a t  end of t r a j ec to ry  


3 .  Subroutine 

Read input  data 
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4. 


5. 

6. 


7. 

8. 

9 .  

10. 


11. 


12. 


OPTION Subroutine 

Interrogate  input  options and set  switches accordingly 

C a l l  LUNEPH or  PLANEP 

LUNEPH (Lunar Ephemeris) Subroutine 

Compute l q r  pos i t ion  f o r  specif ied a r r i v a l  date  

PLANEP Subroutine 

Compute planetary pos i t ions  fo r  spec i f ied  t r i p  

Compute required departure hyperbolic excess ve loc i ty  vector 


MISCON (Mission Constraints) Subroutine 

Compute current  value of stopping parameter 
Compute achieved values of terminal cons t ra in ts  

I C s  Subroutine 

Assign i n i t i a l  conditions t o  t r a j ec to ry  and ad jo in t  var iab les  

Cal l  DEQ 

P a  (Preliminary Calculations) Subroutine 

Compute perturbations i n  control  var iables  
Apply control  var iable  cons t ra in ts  
Compute chantes i n  ad justable  parameters 
Check f o r  switch between closed-loop and open-loop 
Compute vector EK 

ATMOS Subroutine 

Compute atmospheric density, pressure and speed of sound 

Compute p a r t i a l  der ivat ives  r e  : atmosphere f o r  adj o i n t  equations 


INSTOP Subroutine 

Cal l  ICs 

Cal l  I" 

Store first poin t  when going forward 

Cal l  OPCNL 

Call  RKAD 

Pick up s tored t r a j ec to ry  var iables  when in tegra t ing  backward 

Stop integrat ion when stopping parameter i s  reached 

Cal l  MISCON 


RKAD Subroutine 

Logic f o r  in tegra t ion  using both Runge-Kutta and Adams in tegra t ion  
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13. DE4 Subroutine 

Calculate t h rus t  ,;md aerodynamic forces  using ATMOS and LOOK 

Check whether t r a j ec to ry  equations and/or ad jo in t  equations a r e  required 

Compute time der ivat ives  


lb. MEQ (Matrix Equations) Subroutine 

Evaluate t r a j ec to ry  deviations 

Store t r a j ec to ry  var iables  

Generate lambda and I matrices 

Compute A matrix 

Invert  A matrix (Cal l  Subroutine INVERT) 

Compute B, D and C, E matrices 

Compute payload change f o r  f ixed f i n a l  s tage option 


15. INVERT Subroutine 

Inver t  Matrix 

16. 	 LOOK Subroutine 

Linear interpolat ion tab le  look up 

17. 	 OPCNL (output control)  Subroutine 

Write output 

18. COAST Subroutine 

Compute t ra jec tory  var iables  i n  closed form 
Compute d iscont inui t ies  i n  ad jo in t  var iab les  

19. 	 INEFt Subroutine 

Compute ine r t i a  1 t r a j ec to ry  var iables  

20. 	 WIC Subroutine 

Write out input  data  
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CODING NCX'ENCLATURE 

AA 

A9 2 

ACTN 

AEH 

A M  

ALI T  

ALPHAE 

ALPHA 

B 

B M  

BR.! 

BETA 

BETA 2 

BETA C 

BETAP 

BFA 6 

BFB 6 

CCHI 

CCHIQ 

CD 

c z  2 

CEL 6 

CFXA 

A matrix 

A m t r i x  a t  s t a r t  of open loop computation 

answer f r o m  4-quadrant a rc tan  routine 

r i g h t  ascension of  VH vector 

r i g h t  ascension of vehicle pos i t i on  @ lunar  
r a d i a l  distance 

l o c a l  speed of sound 

r i g h t  ascension of present ,  posi t ion 

n e t  angle of a t tack from ETA and C H I  

B matrix 

BETAH--see planetary mission terminal 
cons t ra in ts  equations 

BETAN--see lunar mission terminal constraints  equations 

in-plane range angle f r o m  ascending node 

incremented BETA i n  closed-form coast  equations 

range angle i n  closed-form coast  s tages  

argument of per igee 

first buf fe r  f o r  tape 1 

second buffer  f o r  tape 1 


cosine of CHI 


( CCHI) 


t o t a l  drag c o e f f i c i e n t  


i n  the c a l l i n g  sequence f o r  buffer  output 


i n  the  c a l l i n g  sequence f o r  buffer  output 


cosine of ETA 




CETAQ 

CGAM 

C W C I  

CHI 

CHIRT 

CLAN 

CL 

CPHI 


CPSI 


C P S I I  


CPSI IQ 


C 


CRTM 


CRTDIl 


CRTDl2 


CT1 


CT2 


CT3 


CT4 


CTS 


CT6 


CTAU 


D 


D 1  


92 

D3 

nL 


( CEXA) 


cosine of WIA ( f l i g h t  path angle) 


cosine of ' i n e r t i a l  flight path angle 


t b r u s t  yaw angle 


funct ion o f  CZII and ETA i n  PCAL 


cosine of l a t i t u d e  


lift coef f ic ien t  


cosine of P H I  ( r o l l  angle) 


cosine of PSI (azimuth) 


cosine of i n e r t i a l  azimuth 


C mtrix 


time far end of s tage 


time f o r  end of 1st burn in stage h 


t im f o r  end of 2nd burn i n  s tage  h 


Data block 10 


Data block 11 


Data block 12 


Data block 13 


Data block 1h 


Data block 15 


cosine of longitude 


drag 

first s e t  of der ivat ives  used i n  in tegra t ion  

second 11 I t  I I  ll 

t h i r d  I 1  I t  11 I I  I I  

fourth It lr 11 I I  11 I t  
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R40 


I241 


m2 


R46 


m7 

W8 

m9 

nAl0 

DAll 


n412 

DALPHA 


DATE 


DBETAC 


DD 


DEE 


DEL TAY 

DELX 

DEI< 

D I  F 

DPDPSI( I)  

Available da ta  block (18) 

Data block 16 

I1 21 

I1 If 22 

11 11 23 

11 11 24 

I I  2.5 

Available da ta  block (26) 


Data block 27 


der iva t ive  of ALIT/altitude 


change t o  be made i n  cont ro l  var iab le  ( s )  ALPHA 


date  


adjus t m n t  i n  BETAC 


D matrix 


decl inat ion of VH vector  


increnents  i n  X's from in tegra t ion  rout ine 


deviation( s )  from nominal t r a j ec to ry  


decl ina t ion  of vehicle  pos i t i on  0 lunar radial dis tance 

used i n  numerical formulation of partial der ivat ives  
across  closed-form coas t  

p a r t i a l  der iva t ive  re la t ing  payload t o  f u e l  reinaining 
i n  f i n a l  s tage  

p a r t i a l  der iva t ive  r e l a t i n g  payload t o  e r r o r  i n  
terminal  cons t ra in t  (I) 
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DASD 


DP2 

DPH 

DPSI 

DPSIS 

DRH 

DTAU 

DTOLD 


DT 

E1 


EK 


ELAM2 

mi 
mu 2 

ENJH 

m4 

ETA 

EYE 

calculated i n i t i a l  mass improvement 


Estimate of i n t e g r a l  of square of control  deviations 


derivat ive of pre  ssure/al  titude 


negative of e r r o r  i n  terminal cons t ra in ts  on l a t e s t  
nominal t r a j e c t o r y  

negative of e r r o r  i n  terminal cons t ra in ts  on l a t e s t  
t r a j e c t o r y  

der ivat ive of densi ty/al t i tude 

change t o  be made i n  adjustable  parameter(s) 

in tegra t ion  i n t e r v a l  from previous s t e p  

current integra  tion i n t e r v a l  

propel lant  remaining a t  traj ect o r y  termination 

increment t o  be added t o  payload 
maximum change i n  payload a t  any one time 
E matrix 

angyla r momentum 

I matrix 

K vector  

Lat i tude a t  end of coast  

2 matrix a t  s t a r t  of open loop conputation 

h matrix 

mss a t  end of closed-form l i f t - o f f  

angle NU, longitude posi t ion from node 


angle NU a t  end of coas t  


angle NU t o  VH vector 


angle NU t o  lunar  outward r a d i a l  


ALPHA component in v e r t i c a l  plane 


o r b i t  inc l ina t ion  
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FJ 


FL 


M U  


H4lJDEH 

FWA 


FWB 

G 

GAM1 

GAM12 

Go 


H 


HAEX0 


HCAM 

HEAD1 

HEAD 2 

HL 


HSTR 


120 


I31 


IB3 


IE4 

IBL 

IC 


J matrix 


l i f t  


p , gravi ty  constant 


storage area of l a t e s t  nominal t ra jectozy 

storage a rea  of l a t e s t  t r a j e c t o r y  

l o c a l  accelerat ion due to gravi ty  

i n e r t i a l  f l i g h t  path angle  

i n e r t i a l  f l i g h t  path an@e a t  end o f  coast  

weight-to-mass conversion f a c t o r  

a l t i t u d e  

a l t i t u d e  above which aerodynamic computations a r e  
bypassed 

MACH number 

data  block 1 

data block 2 

a l t i t u d e  a t  end of closed-form l i f t - o f f  

geopotenti al a l t i t u d e  

used a s  index l o c a l l y  

data  block 7 (ava i lab le)  

I1  it 6 

I I  1 1  8 
11 

I' 9 

Index used in read-in subroutine 

1f o r  optimization; 2 f o r  guidance 
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ICT( n) SUBSCiiIPTED INTEGER SIGNAL FLAGS FOR TEFUUNAL COXSTgINTS 

ICT (1) ... 0 One Constraint  

1 No .. 
I C T  (2) ... 0 Two Constraints 

1 Less than Two .. 
I C T  ( 3 )  ... 0 Three .. 

1 Less than .. .. 
I C T  (b) ... Four .. 

Less than .. .. 
... Fiv e .. 

Less than .. .. 
I C T  (6)  ... S i x  .. 

Less than .. .. 
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INCODE 

I01 


I02 


IO3 


104 


IP 


IS21 


INTG 

f l a g  f o r  buffered output rout ine  

f i e l d  ind ica to r s  f o r  da t a  header cards  

11 11 11 11 I1 11 

I I 1  11 11 11 11 

I1 I 1  I! I1  11 11 

data block 4; see l i s t  of opt ions 

0 = no c i r c u l a r  park o r b i t  


1 = c i r c u l a r  park o r b i t  (coas t  s t age  6) is  being used 


... 1 = 	 To s t a r t  or r e - s t a r t  in tegra t ion  

A .  Method of In tegra t ion  .. RUNGE-KUTTA 

B. I n i t i a l  entry .. set  by user  

C. Subsequent e n t r i e s  .. set by RKAD 

2 	 = Normal cont inuat ion of i n t eg ra t ion  

A. S e t  by , W D  
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E ( n )  SUBSCRIPTED INTEGER SIGNAL FLAGS 

... 	 o =  

1 =  

... o =  

I =  

... 0 -

I =  

... 0 -

I =  

... 0 ­

1 =  

... o =  

I =  

... 0 -

I =  

... 0 -

I =  

- 1  = 

o =  

1 =  


IS (10) ..I 1 ­

0 ­

(11) ... - 1  ­
o =  

1 ­

2 Degrees of freedom 

3 Degrees of freedom 


Rotating planet  


Non-rotating planet  


Zero density (Drag = L i f t  = 0) 


Non-zero density 


Zero drag 


Non-zero drag 


Zero lift 


Non-zero l i f t  


To by-pass option se lec t ions  


To process option code 


Correct f l a g  


Wrong f l a g  


Correct sub-options 


Error i n  option code 


Error e x i t  from REIN 


Proceed t o  case computations 


Ehd of job 


To comput adjoint  equa tio m  


To by-pass 


Use pas t  p a r t i a l  DT 


Compute and use s tage  DT 


Use s tage DT 
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IS (12)  ... 
IS (13) ... 

IS (14) ... 

... 

IS (16) 


... 

IS (18) ... 

IS ( 1 9 )  ... 
IS (20)  ... 
IS (21)  ... 
IS ( 2 2 )  ... 

Used i n  several  p laces  i n  connection with c i r c u l a r  
park o rb i t  option 

0 = Do not use coas t  equations f o r  c i r c u l a r  o r b i t  

1 = Use coas t  equations f o r  c i r c u l a r  o r b i t  

-1 = 	 Alt i tude  cons t r a in t  on c i r c u l a r  park o r b i t  
has  j u s t  been v io l a t ed  

0 = 	 Altitude cons t r a in t  on c i r c u l a r  park o r b i t  
has  not  been v io l a t ed  

1 = 	 Alt i tude  of c i r c u l a r  park o r b i t  is being 
constrain ed 

0 = Unsuccessful forward t r a j ec to ry  

1 J Successful  forward t r a j e c t o q  

0 = rrWSD has  not  been conputed y e t  
1 = I N A S D  has  been conputcd 

0 = More forward runs a r e  allowed 

1 = No more forward runs al loued 

0 = Program i s  i n  closed-loop mode 

1 = Program i s  i n  open-loop mode 

( A V )  

Upper l i m i t  f o r  page l i n e  count 

Temporary value f o r  KPOML 

Plus = 	 T9 point count i s  grea te r  than or 
equal to  input  value ( a f t e r  s torage) .  

Zero = 	 T 9  point  count is  l e s s  than input  
value. 

Negative = 	 T9 point  count i s  g rea t e r  than or 
equal t o  input va lue .  
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... 


... 


... 


... 


... 


IS (28 )  ... 

IS (29 )  ... 

... 
0,. . 

... 

Current output frequency 

Current output count 


0 = By-pass PF s tage b c r i t i c a l  t i m e  computations 


1 = Compute PF s tage  4 c r i t i c a l  t i m s  


Storage f o r  1s (10) 


0 = Normal outputs 


1 = By-pass i n i t i a l  outputs on i n i t i a l  stage 


0 = By-pass zero aerodynamic computations 


1 = Compute zero aerodynamic terms 


0 = Search f o r  time t o  s t a r t  C and E 


matrices comp . 
1 = By-pass time search 

Current successful forward t r a j e c t o r i e s  count 

o =  

1 =  


o =  

1 - 


Stopping parameter t e s t  


Reached stopping condition 


Failed t o  meet terminal conditions 


(Guidance t r a j e c t o r y )  


Terminal conditions have been met 


(Guidance t r a j e c t o r y )  


Call  ICs from M A I N  


Call  ICs from lX3TOP 


Do not c a l l  ICs 


... - 1  = 

o =  

1 =  


... Storage (used i n  ICs) 

... 0 = Compute i n e r t i a l  quant i t ies  only 

1 - Compute i n t e r i a l  quant i t ies  and 

t h e i r  der iva t ives  
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... 


... 


... 

... 

... 

... 

IS (42)  ... 

... 

... 

... 


... 


... 


... 

... 

... 

... 

= .IS ( 5 )  
0 = Ehfferad output 

1 = Non-buffered output 
0 = Call  MISCON -- Compute only stopping parameter 

1 = .. .. -- Compute a l l  cons t r a in t s  
4th PF burns 

(AV) 

-1 = r 	 cons t ra in t  has been v io la ted  on current 

forward run 

0 = r cons t ra in t  has  no t  been violated
P 

+1 = r
P 

i s  being constrained t o  input  value 

0 = Norm1 en t ry  t o  ICs 
1 = Entry t o  ICs to  s e t  up ad jo in t  va r i ab le  f o r  

r cons t ra in t
P 

0 = No o( cons t rz in t  over t h i s  time in t e rva l  
1 = < cons t ra in t  appl ied;  zero Dl(i), I = L4,Q 
0 = 	 Stage time less  than c r i t i c a l  time on l a s t  

successful  run 
1 = 	 Stage t h e  grea te r  than c r i t i c a l  time on l a s t  

successful run 
Change innumber of i n t eg ra t ion  s t e p s  during f i r s t  
burn of 4 th  s t age  a s  compared t o  l a s t  successful  m n  

Change i n  number of i n t eg ra t ion  s teps  during second 
burn of 4th stage a s  compared t o  last  successful  m n  

o =  

1 =  


o =  

1 =  


o =  
1 =  


o =  
1 =  
-1 = 

o =  
1 =  


S matrix has  no t  been ad jus ted  i f  t o t a l  time 
cons t ra in t  i s  being used 
S matrix has been adjusted 

ME& i s  ca l led  from an i n t e m e d i a t e  point i n  a 
s tage 

NEQ i s  ca l led  f ron  the f i m l  point  i n  a s tage 
Cal l  MEQ fron region 1 of T M J  

Don't c a l l  NE& 

KPOINL has not  y e t  been computed 
KPOINL has  been compute d 

An adjus tab le  coas t  has  been eliminated because 
it went t o  0 

An adjus tab le  coast  has not  been eliminated 

An adjus tab le  coas t  has  gone t o  0 
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ITAP(1) 	 0 - t o  output t ape  2 


1 = by-pass tape 2 outputs 


ISTGE data block 5 

IT1 non-subscripted f l a g  


IT2 11 


I1  

ITL II 
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* 
NONSUBSCRIFTED INTEGER (TABLE INDICES) 

J T T l  ... Current L i n e a r S e g m e n t  Index fo r  T a b l e  TT1 

JTT2 ... .. .. .. .. .. .. TT2 

JTT3 ... .. .. .. .. .. .. TT3 

JTT4 ... .. .. .. .. .. .. TT4 

JTDl  TD1 

JTD2 TD2 

JTD3 TD3 

JTDS 

J T L l  t11 

JTL2 t12 

3TL3 

JTLS 

J T K l  TK1 

JTK 2 TK 2 

JTK3 TK3 

JTKS TK.5 

JTTH TTH 

JTET TET 

JTCH TCH 

JTMD M D  

JMS M S  

mas Blocks  CT2, CT3, CTL and CTS 
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J 


JC 


JC1 


K 

KCEPOI 

K F U G  

used as index locally 

number of cons t r a in t s  

II I1 II 

used a s  index l o c a l l y  

in t eg ra t ion  s t ep  a t  which adjus tab le  parameters a r e  computed 

f l a g  indicating use of ad jus tab le  p a r m e t e r (  s) 
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1 

2 

3 

4 

5 
6 

KKn NONSUBSCRIPTED INTEGEZ SIMAL FLAGS -

KK1 


K K 2  

KK3 

... C u r r e n t  s tage index 

... Current stage code 

1 = Powered flight 1. 

2 = .. .. 2. 

3 = .. .. 3 .  

4 = .. .. L. 
5; = coast 1. 

6 = .. 2. 

7 = 

8 = 

9 = 

... = 

= 

= 

= 

= 

= 

.. 3 .  

.. 4. 

.. 5.  

I n i t i a l  Forward t ra jec tory  

Intermediate .. .. 
Intermediate .. .. 
L a s t  .. .. 
( A V )  

Backward t r a j ec to ry  
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1 

2 

3 

4 

5 
6 

7 

8 

9 

10 

11 

K K 4  

KK6 

K K 7  

KK8 

KK 9 

K K 1 0  

K K l l  

K K 1 2  

~ ~ 1 3  

... 


... 


... 


... 


... 

... 

... 

... 

... 


... 


Cur rent  s tage code 

Powered f l i gh t  s tage 1. 

.. .. .. 2. 

.. .. .. 3. 

F i r s t  burn (PF s tage  4). 
Kiddle burn (PF s tage  b)  . 
Last bum (PF s tage  4). 

Coast s tage 1. 

.. .. 2. 

.. .. 3. 

.. .. 4. 

.. .. 5­

-1 Backward t r a j ec to ry  


+1 Forward traj ect o  ry 


Number of stages i n  the  t r a j e c t o r y  


Forward t r a j ec to ry  ... K K 7  = KK6 


Backward t ra jec tory . .  . K K 7  = 1 


Current index f o r  s e l ec t ing  aerodynamic constants 


Storage index computed during i n i t i a l  forward run 


Number of 4th powered flight burns 


3 = first Forward t r a j ec to ry  

2 = Intermediate .. .. 
1 = Last .. .. 

( A V )  

Non-subscripted in t ege r  form of I P  (3)  + 1. 
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K K 1 7  

K K 1 8  

K K l 9  

K K 2 0  

KK 2 1  

K K 2 2  

K K 2 3  

KK 2k 

K K 2 5  

K K 2 6  ... 

K K 2 7  ... 

K K 2 8  ... 

K K 2 9  ... 

K K 3 0  ... 

~ ~ 3 1{... 

K K 3 2  

... 


... 


... 


... 


... 


... 


... 


... 


... 


... 


... 


... 


Current k th  powered f l i g h t  burn 

Increment of KKIA 

- 1 = I n i t i a l  forward t r a j ec to ry  

0 = Optimization run 

1 = Guidance run 

Return code 

Non-scripted in t ege r  form of  I P  (16) +1 


Return code for assign go t o  statements 


L a s t  s tage 


A .  Forward t r a j ec to ry  ... K K 2 1  = pas t  s tage  


B. Backward t r a j e ctory...  K K 2 1  = next s tage  


Storage f o r  current  K ( K  ind ica tes  t h e  


current  Kth ad jus tab le  parameter) 


Number of remaining kth powered f l i g h t  


bums of t he  l as t  successful forward 


t r a j e c t o r y  


Index f o r  DTAU se lec t ion  


K K 2 5  = 5 - K K 3  


l a s t  coas t  s tage 

pas t  s tage  on backward t r a j e c t o r y  

ad jus tab le  parameter t o  be eliminated 

K K b - 7  a t  time of elimination of adjustable  ccas t  because 
it went t o  zero 

0 Evaluate der iva t ives  in DEQ 

1 Evaluate forces  only i n  DEQ 

Temporary use f o r  r
P 

cons t ra in t  with adjustable  burn 
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KKONE 

KPOINC 

KPOIXL 

KPOINS 

L 1  

L 2  

L 3  

L& 

LAGE 

LBD 

LCE 

L DEQ 

LFWAB 

LINE 

M 


M B1 


MB2 


MB3 


M C 1  


MC2 


MC3 

M CL 

M F 1  

value of K K 1  a t  beginning of backward t r a j ec to ry  

count of in tegra t ing  poin ts  from beginning of  
t r a j ec to ry  

in tegra t ion  point count to m i t c h  from closed to 
open loop 

number of in tegra t ion  poin ts  on l a s t  successful  
fordard run 

used as index l o c a l l y  

ll 

I 1  

11 

I1 

l i m i t  on storage index f o r  B and D matr ices  

11 I 1  I1 I1 1 )  C and E I t  

I 1  number of i n t eg ra t ion  var iab les  

11 l1 storage i n  FWA and FG\IAB 

current  page output l i n e  count 

used as index l o c a l l y  

upper index f o r  s tor ing  i n  B niatrix region 

lower index for s tor ing  i n  B matrix region 

incre2ent i n  KB1 and MB2 per  in tegra t ion  step 

upper index f o r  s to r ing  i n  C matrix region 

lower indexfor s t o r i n g  in C matrix region 

increment i n  M C 1  and PIC2 per  s torage point 

nunber of  po in ts  a t  xhich C and E Matrices a r e  
s tored  

upper index f o r  s tor ing or picking up i n  FbJB 
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MF2 

MF3 

M T S  

ML2 

MI3 

N El 

Ni32 

NB3 

NC 1 

N C 2  

NC 3  

NC3S1 

NCL 

N*?l 

N 7 2  

E!Fj 

1\51 


x2 


CHG AQ 

lower index f o r  s t o r i n z  or picking up i n  Fdi3 

increnent i n  M F l  and MP2 per in tegra t ion  s tep  

upper index f o r  s t o r i n g A  matrix 

lower index f o r  storing,L n a t r i x  

increment i n  ML1 and KL2 

used as index locally 

upper index f o r  picking up from B , m t r i x  region 

loi.;er index f o r  picking up from B xzitrix r e ~ o n  

increment i n  NB1 and N B 2  per  h t e g r a t i o n  s t ep  

upper index f o r  picking up from C na t r ix  region 

loxe r  i&ex fo r  pickine up from C m t r i x  r e 9 o n  

incrcnent ir, N C 1  a d  N C 2  per  s torage point  

(-::C3) f o r  pa r t i cu la r  s tage 

nuxber of  po in ts  a t  which ad jus tab le  parameters 
are computed 

upper index f o r  s t o r i r g  o r  picking up i n  F.0. 

lover index fol- s tor ing  or picking up in FdA 

i n c r e n a t  i n  W F l  a d  NF2 pe r  integra3.cn s t e ?  

upper limit for picliin; up A inz.t,r.ix 

lower L i m i t  �or pic ki.ng up A rwf-ri~ 

incrazeat  i n  NL1 a i d  i’E2 

tape n;iiitsr 

Earth ro t a t ion  r a t e  

2 OXEGA 

longi tude of ascending node 

(“2 
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matrix of der ivat ives  of t r a j e c t o r y  var iab les  

P l o c a l  atmospheric pressure 


PARDT (I) s i z e  of f i n a l  i n t eg ra t io?  s tep  f o r  p a r t s  of hth stage 

?A iDTI stored values of PAm"(1, 

P U  p a r t i a l  de r iva t ive  of drag/ALPiIA 


PI34 p a r t i a l  der iva t ive  of drag/I'LlCH 


PF partial der iva t ives  of DV/dt 


FG II !I d;d/dt 


PI 

?H I I  11 dq/dt 

I1 I1 dr /d t  

PJ 11 11 I t  d v d t  

PK I t  I I  dT/dt 

?LA p a r t i a l  der ivat ive of lift/ALPIIA 

PLM I1 11 lift/MAiII 

PO sea l e v e l  atKOspheric pressure 

PSI1 azimuth of V I  

PSI12 azimuth of V I  a t  end of coast  

vzlue of P( I,J) on l a s t  successful forward run 
as /a  X ( f o r  c i r c u l a r  park o r b i t )  

PSiCiETH 	 f l a g  i n  %ID indicat ing (?a&) method in tegra t ion  
f o r  previous point  

dynamic pressure 

ALPU * QBAR 
QCZ 


QET 	 quotients  (s lopes of l i n e a r  segments) i n  

t a b l e s  using corresponding J f s  

QL 

QT 


QTH 
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RALPHA 

m 
?5iO 

F24 


Rp 

izsTR 

S 

SCHI 

SCHIQ 

SM1 

SmA 

SETAQ 

SG1 

SG2 

SG3 

SGL 


ssg 

S M  

SGAiiI 

SGNET 

SLAM 

SPHI 

SPSI 

SPSII 

radius  a t  end of coast  


o r b i t  semi-mjor a x i s  


radius  of e a r t h  


local atmospheric densi ty  


r a d i a l  dis tance t o  moon 


o r b i t  perigee radius  


gas constant for a i r  


S nnt r ix  


s i n e  of M I  


(SCHI) 


sine of ETA 

(SETA) 

stage 1data  (da ta  block 39) 

I t  2 11 I1  

II 3 m I I  

I t  11 11 

11 5 w 11 

s ine  of 2 

s ine  of GAM1 


sign of ETA 


sine of l a t i t u d e  


s i n e  of PHI ( r o l l  angle) 


sine of PSI (azimuth) 


sine of PSI1 
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l1l111l11l ll1llll111l11llI Il l  11l1l11l1111llllllIll Ill1 I111 I1 IllI I 

STl(n) CURRENT-STAGE DATA 

... FISP ... Specif ic  impulse (Vac .) 

... A ... Aerodynamic reference a rea  

... AE ... Nozzle exit area 

... PI0 ... I n i t i a l  weight 

... PF ... Final we i @t 

ST2( n) PEFWUENT STORAGE 

ST2 (1) ... ST2 (1)=+1For forward t r a j e c t o r y  

ST2  (1)=-1 For backward t r a j e c t o r y  

... To count the number of forward t r a j e c t o r i e s  

... Storage (used i n  instop)  

... Storage (used i n  instop)  

... Storage (pas t  DT) 

... Storage (current  DT) 

... Storage (past time) 

... 

... Lunar pos i t ion  data used i n  LUNEPH and MAIN 

ST2 (15) ... .. .. .. .. 
ST2 (16) ... IkurF'UEL mul t ip l ica t ive  fac tor  

ST2 (17) ... TMEC ( t o  t ransfer  between subrout ines)  

ST2 (18) ... (AV) 
ST2 ( 1 9 )  ... Fina l  TIMCT - desired value ( for  t o t a l  time cons t r a in t )  

ST2 ( 2 0 )  ... TlMCT - TIMT a t  beginning of l a s t  coas t  on l a s t  success-
f u l  Torward run (for t o t a l  t i ne  cons t ra in t )  

ST2 ( 2 1 )  ... TINCT - TI?-IT a t  beginning of l a s t  coas t  on current  
run (for t o t a l  time cons t r a in t )  

... "AX 

... m 1 2 (  11) 

... m 1 2 (  2 )  

... DA12(4) 
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- 

- 

STORAGE F2OH TEX4NAL CONSTIiAINT CC$!PUTATIONSST3( n).- -.  . . ­- ­

... Achieved values o f  terminal cons t ra in t  quan t i t i e s  

... .. .. .. .. .. 

... (Available) 

... (Available ) 

STL(n)  STORAGE OF INPUT MTA 
. - .  

-... 
-... 
-... 
-... 
-... 
-... 

... 	 i 

-... 
-

..I 


... m 
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... 


... 


... 


... 


... 

... 

... 

... 

... 

... 

S T S ( n )  STORAGE %OR AWUST-4BLE PAWtETERS 

... DTAU Storage 

... .. .. 
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STAU 

STGH 

sx 
T 


TANAG 


T X "  


TAU 2 


TCH 1 


TK 


TLN 

TG 

TGO 

TC31 

THETA 


TINCT 

TMCTS 

TIME 

TIMEC 
"P 

TIP'IT 

TINTS 

m 

TO 


sine of longi tude 


s tage  in t eg ra t ion  i n t e r v a l s  


saved values of X(n) 


qlru st 


tangent of t he  angle 


nuiierator of TANAG 


longi tude a t  end of coast  


t ab l e s  iden t i f i ed  by J f s  

current  time i n  space age date  

launch time 11 I1  

lunar  a r r i v a l  time in space age data 

th rus t  angle t o  hor izonta l  

time from launch including coas ts  

saved value of TPfCT 

ti,= f r o m  beginning of present s tage  

exclusive of coas ts  

time i n  in tegr f ted  coas t  

CT1( 10) 


time from launch excluding coas ts  

saved value of T M T  

time duration of closed-form l i f t - o f f  

transfer time t o  t h e  moon (hours) 

i n i t i a l  t h r u s t  f o r  l i f t - o f f  ca lcu la t ion  
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TVL 


Tv 

TVO 


TdOE 


TZETA 


TZ ETA 2 


VH 


VI 


VI2 


VL 


w 


t h r u s t  a t  end of l i f t - o f f  ca lcu la t ion  


vacuum t h r u s t  


i n i t i a l  vacuum t h r u s t  


twice the t o t a l  energy of o r b i t  


time from perigee a t  beginning of coast  


time from perigee a t  end of  coas t  


hyperbolic excess ve loc i ty  


i n e r t i a l  ve loc i ty  


i n e r t i a l  veloci ty  a t  end o f  coas t  


ve loc i ty  a t  end of closed form l i f t - o f f  


weight as measured a t  sea l e v e l  


var iab le  of in tegra t ion  as follows: 
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VARIABLES O F  INTEGRATION 

V (Velocity) 


GAM ( F l i g h t  path angle) 


R ( R a d i u s )  


M (13ass)  


TAU ( L o n g i t u d e )  


PSI ( A z i m u t h )  


LAM ( L a t i t u d e )  


L V l  ( A d  joint V a r i a b l e s )  


LG1 


LR1 


LM1 


LV2 


LG 2 


LR 2 


LM2 


LV3 


LG3 


LR3 


LM3 


LV4 


LG4 


LEtlr 


L a  


L P 1  


LL1 
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LP 2 

LL 2 

1p3 

113 

1p4 

u 4  

1v5 

1g.5 

L R . ~  

ms 
1p5 

11.5 

L V ~  

1g6 

L R6  

u16 

L P ~  

L L ~  

E111 


Ex12 

E12 2 

E13 

ET 23 

E33 

e114 

(Adj o i n t  var iables)  

( Capital  I1 s) 
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E12 4  

a 3 4  

ei44 

ei1.5 

a25 


E135 

E145 

a55 

e116 

ET 2 6  

E136 

e146 

a56 

EI 66 

(Available) 

x (75) = (Available ) 

NOTE Dl(n) - Time Derivatives of X(n) 
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XI 


Y 


YY 

ZEEi 

Z M  

2ETA 

ZETA2 

LlI 


temporary s torage  of  X(n) in'RKAD 

temporary s torage  for l oca l  use 

s to red  values of t r a j e c t o r y  variabies at beginning 
of coas t  

( zeta)H 

(zeta)* 


true anoinaly of pos i t i on  


ZETA a t  end of coast  


Time from p r i g e e  t o  GOA on parabol ic  t r a j ec to ry  
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PROGRAM OPERATION 

I 




WTA INPUT FORNIT 

Data B1.ocks 

Data required f o r  PRFSTO execution a re  grouped and input i n  da ta  blocks :hich 
a re  iden t i f i ed  by number. Each block contains  a common type of  i n f o m t i o n  
s-Lch a s  the case t i t l e  o r  a s tage thrust tab le ,  and u t i l i z e s  a specif ied 
FO.'IT:UN f o m a t  f o r  the entire data block. The contents of each data block 
278 discussed and then summarized on the next several  pages. 

Fcader Cards-
I:.xt data a r e  punched on cards which are  placed behind the program binary 
de'ck. Cards f o r  each data block are preceded and iden t i f i ed  by a I1headerl1 
card.  The f o m t  of t he  header cards i s  413, where the f i r s t  f i e l d  i s  the 
a&Ca block nunber and the  second and t h i r d  f i e l d s  give the  ( inc lus ive)  
loca t ions  viithin the data block t h a t  the subsequent data cards  a re  t o  be 
piaced. Thus, i f  the user  wished t o  change constants 2, 3 and 4 i n  
data block 10, the header card would be punched 10 2 4 > 
and the f i rs t  three f i e l d s  of the  next card wmla c'o&,a'iE xh; %?e; constants. 
?i:e :'c.;rth f i e l d  of the header card i s  used t o  iden t i fy  the vehicle  s tage  
nw:Ser f o r  the data,  where necessary. The stage designation should be 
iccluded only fo r  t he  data blocks a s  specif ied on the following pages. 

.~Card Sequencing 

Cards within each data block m u s t  follow sequentially, bu t  data  blocks 
may Se arranged i n  any order. A blank card must follow t h e  last data card. 

Successive Cases 

Successive cases  can be  run on PRESTO w i t h  a minimum of addi t iona l  data 
input .  Only the changes i n  da ta  from the preceding case must b e  input .  
A b1ar.k card nust  follow the  d a t a  f o r  each case.  

999 Card 

A card v i t h  999 punched i n  t h e  f i rs t  three  columns must end the data deck. 
It i s  t o  be placed behind the blank card which ends the data f o r  the  f i n a l  
case.  Winen the WAD routine encounters the  999 card a noma1 stop i s  
indicated t o  the rnachine operator, so that the job can be terninated.  
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DISCUSSION OF THE WTA BLOCKS 

Alpha-numeric comment cards that a r e  output a t  the top  of each page. Data 
block 1 i s  the f i r s t  l i n e ;  da t a  blocks 2 and 3 appear on the second l i n e .  

Basic computation options a s  f O l l O b j S :  

(1) Mission select ion governs the form of  the terminal cons t r a in t s  
and t h e  suggested input s tage sequencing. 

( 2 )  Se l ec t  d y 3 D  axes options (three-dimensional point nass motion). 

( 3 )  In-plane control var iable  f o r  i n i t i a l  nominal t r a j e c t o r y  can 
be e i t h e r  eta ( th rus t  angle t o  ve loc i ty  vec to r )  or t he t a  (thrust angle t o  
horizolttal). Yaw t h r u s t  angle, ch i ,  can be read from t a b l e  i f  non-zero. 
The selected tables  a r e  read i n t o  data blocks 3b,  35, 36. 

( h )  Eta and ch i  a r e  both always optimized except when alpha is 
contrained t o  zero. 

( 5 ' )  The closed-form l i f t - o f f  computation should always be used when 
the i n i t i a l  conditions correspond t o  ground l i f t - o f f .  When selected,  the 
f i r s t  few seconds of n;otion a re  computed with closed-form expressions f o r  
velocity,  a l t i t u d e  and mass. Vert ical  f l i g h t ,  sea l e v e l  gravity and atmspheric  
pressure, and zero drag and l i f t  forces  a r e  assumed. The time duration fo r  
this phase of boost i s  input  i n  data block 20  and should be chosen to  produce 
a veloci ty  of approximately 200 Peet,/sec. The veloci ty ,  a l t i t u d e  arid mass 
fram this computation then become the  i n i t i a l  conditions f o r  numerical 
i-ration of the  d i f f e r e n t i a l  equations of motion, along with the f l i g h t  path 
angle, azimuth, l a t i t u d e  and longitude from data block 21. (Zero a l t i t u d e  
and velocity should be  input t o  data block 21.) The purpose of this option 
is .  t o  avoid the low-velocity high-sensi t ivi ty  region in  numerical integm­
t ion  of azimuth and f l i g h t  path angle. 

( 6 )  Vacuum t h r u s t  as  a function of time from stage ign i t i on  is 
interpolated from input t ab le s  i n  data block 30 fo r  each powered stage. Net 
t h rus t  i s  computed as  T =-Tv - p.Ae where p i s  the l'ocal ambient pressure 
and A e  i s  t h e  engine nozzle exit, area input t o  da t a  block 3 9 .  

( 7 )  Mass i s  computed within each s tage a s  a function of time f r o m  t he  
integrat ion of  dm/dt = TV/goIspV. Thus, t h e  vacuum specif ic  impulse f o r  
each stage must be input i n  data block 3 9 .  

(8 )  Unnecessary aerodynamic force computations can be eliminated 
with t h i s  option t o  help speed the computation. 

( 9 )  A possible means of speed improvement i n  t h e  fu tu re  may be  
multiple usage of each integrat ion of the ad jo in t  equations. At present, 
these equations a r e  solved a f t e r  every successful forward t ra jectory.  
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(10) No special  computations o r  print-out cu r ren t ly  avai lable .  
Interpolat ion t o  condition sf maximum dynamic pressure i s  a possible fu tu re  
addition. 

(11) Constraints on the control  var iables  can be ( a )  on the  product 
of 6yna:nic pressure and t o t a l  angle o f  a t t ack  o r  (b )  constrain angle of 
a t tack t o  z e r o .  The QMil * ALPHA cons t r a in t  is imposed a s  an inequal i ty  
constraint .  The theory and program mechanization f o r  t hese  constraints  
a r e  discussed i n  Section 10. Further input  data f o r  use of these options i s  re­
quired i n  data block 22, including the t i m e  t o  r e l ease  the  c m s t r a i n t .  This 
:ime should be input a s  a f r ac t ion  of an integrat ion s t e p  less than the  actual  
desired time, due t o  the  idiosyncrasies of t h e  coding. 

(12) Constraints on s t a t e  var iables  during boost a r e  concerned with 
m i n t a i n i n g  the  t r a j ec to ry  a l t i t u d e  above a specif ied minimum during upper-
s tage  operation. Two techniques a r e  available;  both place inequal i ty  con­
s t r a i n t s  on t h e  a l t i t u d e  of coas t  stages.  The more preferred of t he  two 
forces the  t ra jectory t o  include a c i r cu la r  park o r b i t  of some specif ied 
:! i inf .xm a l t i t u d e  between two of the burns i n  s tage 4. Use of t h i s  option 
i s  recommended f o r  missions 2 and 5,  and f o r  mission 1 when boosting 
ti-rough a park o r b i t  i n t o  t r ans fe r  up t o  a higher terminal o r b i t .  The 
secor,d type of constraint  ava i l ab le  fo rces  the perigee a l t i t u d e  of a 
(non-circular) coast  above a specif ied value. Further descr ipt ion of these 
opLions, including the theory, mechanization and data input required, i s  
L4ven i n  Sectior, 10. 

(13) I t  i s  possible t o  constrain the t o t a l  time from launch t o  f i na l  
burnout on any niss ion f o r  any configuration and s tage sequence t h a t  includes 
a coas t .  The various aspects  of t h i s  cons t r a in t  a r e  discussed i n  Section 10 .  

(111) Payload maximization can be conducted under e i t h e r  of two 
ground ru les .  Tn t h e  f i r s t ,  f i n a l  bumout weight is  maximized while main­
ta ining a f ixed launch gross wei&t. Thus, the process i s  one of ninimizing 
tile :inal stag2 propellant consumption. In  the  second approach, the  f i n a l  
siyage propellant consumption i s  maintained a t  t he  input magnitude and the 
payload improvexent i s  added to the launch gross weight. Thus, when us ing ,  
d i e  f ixed f i n a l  stage option, t he  input i n i t i a l  and f'inal weights of the  
f i n a l  stage must accurately r e f l e c t  the intended propellant consunption. 
For  tkle f ixed launch gross weight option, the  stage bumout weights a r e  not 
required.  Further discussion of the  f ixed  f i n a l  s t age  option should be 
consulted a s  i t  appears i n  Sect ion 10. 

(15) For convenience, pr imari ly  i n  checkout, the  floating-point 
n w h e r s  i n  common have been grouped and can be  dumped i n  the floating-point 
format when requesting a dump a t  the  end of t h e  job. 

(16) The.version of t h i s  program delivered t o  Langley Research Center 
u t i l i z e s  a non-buffered (FORTASAN 11) output routine.  A FAP-coded high 
speed output routine, using buffering of output, will be ava i l ab le  f o r  
F0XTT:IAN I1 usage i n  the  near fu tu re .  

(17) Select ion of t h i s  option provides a three-page output of a l l  the 
Input data f o r  each case.  The data a re  i d e n t i f i e d  by da ta  block number 
~i.4a few descr ipt ive words. 



Specified sequence of  stages,  i den t i f i ed  by number. Powered f l i g h t  s tages  

1, 2,  3 have provision f o r  aerodynamic cha rac t e r i s t i c s .  Powered f l i g h t  s tage & 

i s  t o  be used out of the atmosphere only. Stage k (only)  can be s p l i t  i n t o  

om, two o r  three buring periods. Coast s tage  5 i s  t o  be used h e n  c a s t i n g  

ia the  atmosphere because the coas t  t ra jec tory  is computed using numerical 

i r . t e tpa t ion .  Aerodynamic cha rac t e r i s t i c s  a r e  provided f o r  t h i s  s"age. Coast 

stages 6, 7, 8, 9 a r e  computed w i t h  closed-form o r b i t  equations and are ,  

tliarefore, t o  be used only out  o f  t h e  atmosphere. Stage 8 i s  t o  be used only  

r'o- 'she c i r cu la r  park o rb i t  option ( see  Sect ion lo), and s tage 9 is t o  be used 

o ~ l yfor  the coast perigee constraint  ( see  Sec t ion lo) .  


The s tage sequence must s t a r t  with e i t h e r  s tage 1 or  s t age  4. The closed-

form l i f t - o f f  computation and ad jus tab le  parameters 8, 9, 10 can be used only 

:?hen the  first s tage  i s  s tage 1. Powered s tages  must appear only i n  

increasing order; coast  s tages  can appear i n  any order, w i t h  the  one qua l i f ica­ 

.tion t h a t  s tage 8 must appear between two burns i n  s tage  b .  


For missions involving o r b i t a l  i n i t i a l  conditions ,where optimization of the  

i s n i t i o n  time f o r  departure from o r b i t  i s  t o  be accomplished, the following 

stage sequence should be used. S t a r t  with s tage  1 f o r  two in tegra t ion  

ste?s,  specifying zero th rus t  and i n i t i a l  conditions representing the desired 

i n i t i a l  o r b i t .  Follow t h i s  with closed-form coast  s t age  6 a s  an adjus tab le  

p a r x e t e r  and end with the legitima t e  powered stage.  Optimization of s tage 

6 d u a t i o n  i s  the  optimization of the departure point .  


Datz Slock 6 


Spccif icat ion of the  adjustable  parameter code numbers is based so le ly  on the 

ad jacc i t  powered s tage  number. For each ad jus tab le  parameter selected a weight­

i n g  c o n s t a n t  must be input  i n  data block 27. If optimizing the  length  of a 

coast which i s  expected t o  go t o  zero, specify a non-zero nominal coast  

angle;  the  program w i l l  eliminate the coast  as an ad jus tab le  parameter i f  it 

i s  driven t o  zero.  


S7;cification of terminal constraint  parameters. The nature  of input  to  t h i s  
5 a t a  block i s  s t rongly dependent on the spec i f ied  mission. For t h e  Earth o r b i t  
.xission a choice i n  stopping parameters i s  ava i lab le  Normally, the i n e r t i a l  
velocitjr xould be selected f o r  convenience. However, i n  cases where i n e r t i a l  
ve loc i ty  does not vary monotonically near cutoff  (usua l ly  due t o  t ransfer-
o r b i t  coas'ss), t he  t o t a l  energy (2E = V12 - 2 J L / r )  should be used. The 
ot:?ier t e rn ina l  cons t ra in ts  a re  then l i s t e d  i n  any order, with the one excep­
t ion  of a l t i t u d e  ( o r  radius) .  There a re  ind ica t ions  tha t  l he  matrix inver­
si02 rout ine r e t a i n s  higher accuracy i f  t h e  a l t i t u d e  cons t ra in t  ( i f  se lec ted  
at a l l )  appears f i r s t  in the l ist .  The m a x i m u m  allowable number of con­
strair , ts  f o r  -he  program i s  s ix .  Thus, i f  using the c i r cu la r  park o rb i t  
o;;tion (vhich imposes two cons t ra in ts )  a maximxn of :'stir cons t r a in t s  ( including 
mdss) can be spec i f ied  i n  t h i s  data block. 

?or die lunar t r a i s f e r  missions, the t r ans fe r  time t o  luna r  r ad ia l  dis tance 
cocsLitutes t h e  stopping parameter, and the  r i g h t  ascension and decl inat ion 
c.: vehic le  posi t ion a t  the lunar  dis tance a r e  the  nominal constraint  paizzeters .  
Transfer -orb i t  inc l ina t ion  i s  an  opt ional  addi t iona l  cons t ra in t .  :ihen th i s  
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mission i s  specified,  ihe l m a r  ephemeris rout ine provides t h e  t a r g e t  
r i g h t  aszensicn and dec1.ination. 

I"oi* the luiiar descent ::Lission, the input i s  iden t i ca l  with the o r b i t  in2ec;ion 
mission except ?,hat the l c c a l  veloci ty  should always he 11secl f o r  the stspping 
parameter. 

The stopping paran:eter i iscd fo r  t h e  planetary t r a n s f e r  missions i s  t h e  m h q i ­
tude o r  t h e  hyperbolic excess ve loc i ty  vector., rhich i s  equivalent t o  the 
square r o o t  3f 2 E .  The r i g h t  ascension a n d  declination directior,  or.glcs of 
t h i s  v c c t s ~a r e  the two constraint  parameters. The user  has the option o-' 
inp:;ttir.; *.e desired vallies of thess th ree  numbers i n  data Slcclc 19 o r  of 
sim?ly specifying the  t a r g e t  planet  and the  t r i p  time. In  the l a t t e r  case 
tke P:.A?JF:&' subroutine automatically computes t h e  required departure hyperbolic 
excess velocity vector .  In  both cases the  launch da te  i s  a required input 
i n  data b l o c k  20. 

7:cquency of outpu-t, points.  There i s  generally no need t o  ou-tput every com­
p u t e d  point .  ?n f a c t ,  from an economy standpoint, t he re  i s  every need t o  
minimize the output, since that operation i s  r e l a t i v e l y  slow under the  
FORTRAN I1 monitor. Output of nearly every computed point i s  often 
dcsirzble on t h e  f i n a l  (optimum) t ra jectory,  but can be almost e n t i r e l y  
eli;xir.ated on the previous i t e r a t i o n s .  The u s e r  a l s o  has t h e  a b i l i t y  t o  
v a r y  the  output frequency between stages i f ,  f o r  example, a more frequent
ou-tFut i s  desired during the  atmospheric phase of boost than is required 
f o r  t h e  upper sta.ges. Regardless of the output frequency, the i n i t i a l  and 
f i n a l  points o f  each s tage are always output. There is  no output of the  
t r a j ec to ry  var iables  on t h e  backward runs. 

Data Block 10 

Nominal cons'uants. O f  pa r t i cu la r  note is  the quant i ty  IIAEKO, the  a l t i t u d e  
above vhich a l l  aerodynamic conputa t ions a r e  by-passed regardless  of t he  
~erodynain icsoption selected.  This logic  i s  i n  t h e  i n t e r e s t  of computation 
speed .  The nominal a l t i t u d e  of 25'0,000 fee t ,  f o r  this c5t o f f ,  general ly  
corresponds t o  a dynamic pressure of l e s s  than 1.0 l b / f t  . All the con­
sL2n t s  i n  t h i s  data block a r e  a p a r t  of t he  prcgram binary deck and must . . oe input a s  data only i f  a change i s  desired.  

%:.a Rio-cks 11, 1 2 ,  1 3 ,  I4 
C o n s t a t s  f o r  ATMOSphere subroutine. The 1959 ARDC model cons t i t u t e s  the  
no:.r,inal atnosphere a s  described i n  d e t a i l  i n  Section 9. The ~ r i o u scon­
si;ants used i n  each exponential segment can be changed here w i t h  data input. 

Z?-+a Diock 15' 

,Zlosed-form coast subroutine constants.  As described i n  Section 8, discontinui­
t i e s  i n  the  ad jo in t  va r i ab le s  across  coast  s t ages  a r e  evaluated numerically using 
perturbations i n  the t r a j ec to ry  variables.  The magnitudes of these perturba­
t ions  can be control led by data  input,  b u t  there should now be no reason t o  
input changes from t h e  nominal. 
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Controi  of  s tage times and number of integrat ion s teps .  I n  order t o  gain 
maxii~unspeed in - in t eg ra t ion ,  a constant t i m e  increment is  used i n  each s t aze .  
The c s e r  spec i f i e s  t h i s  integrat ion frequency by inputting the s tage duration 
ond ‘&e number of integrat ion s t eps  desired f o r  t h e  stage.  This information 
n 3 s t  be input f o r  s tages  1through 5 i f  they have been specif ied i n  t h e  stage 
sequence. The t o t a l  number of integrat ion s t eps  must not  exceed 15’0. Since 
211 stages  a r e  nominally terminated on input  s t age  time, special  consideration 
inust be given the f i n a l  stage.  I n  order t o  ensure t h a t  each forward t r a ­
j ec to ry  ends when the  desired value of the stopping parameter is reached, an 
a . r t i f i c i a l l y  long burn duration must be inpu t  f o r  t h e  f i n a l  s tage .  A s  a 
rou?) guide, extend the allowable burn s u f f i c i e n t l y  t o  provide a ten percent 
velocity margin. Specif icat ion of multiple burn in stage 4 requires the 
tot21 s tage duration, t o t a l  number o f  p o i n t s  and the burnout time of each 
Dux period expressed i n  burning t i m e  from i g n i t i o n  of the  f i r s t  burn. 

Data Blcck 1 7  

Various input data.  The first f i v e  words of t h i s  data  block must always be 
input.  Fords 3 through 15’contr ibute  t o  a n  automatic computation of the  
i n i t i a l  inass inprovement t o  be attempted. This computation i s  described 
ir. d e t a i l  i n  Section 8. Word 16  i s  a l i m i t  on the adjust-nent i n  coast  time 
i n  s tage 5 on any one i t e r a t i o n  and must be input i f  t h i s  stage i s  used a s  
ar! adjustable  parameter. This number should not exceed 100 seconds. 

Cata Block 19 

DesLred xagnitudes of the t e  m i n a l  constraint  parameters t ha t  were specified 
ir, data block 8.  Note t h a t  since the  l i s t  of cons t r a in t s  can appear i n  ar,y 
order, the nagnitudes must be in pure uni ts ;  hence, a l l  angles i n  r a d i a n s .  

Data B o c k  20 

m1~ i l csecond word i n  t h i s  data block is t h e  launch date, expressed i n  decimal 
f r ac t ions  of days s ince January 0.0, 1960. Expressed another way, i t  i s  the 
Julian da t e  minus 2,L36,$3h.S days. It must be  input whenever the terminal 
constraints  involve an i n e r t i a l  longitude reference.  

3S.‘& Block 2 1  

I n l t i a l  ‘conditions on the t ra jectory var iables  a r e  input i n  the ro t a t ing  
f r m e .  This i s  convenient f o r  boost problems; but  f o r  s t a r t i n g  from o r b i t ,  
one xus t  generally be reminded t h a t  the ve loc i ty  (e.g.)  i s  not i n e r t i a l l y  
rezerenced. Alt i tude i s  i n  f e e t  above t h e  planet  surface, longitude i n  
dezrees 2 fro:n t h e  prime meridian, l a t i t u d e  i n  degrees ?. f rm the equator, 
azimuth i n  degrees e a s t  of north,  f l i g h t  path angle i n  degrees up from hori­
zor.tal .  

92% Block 22 

Napi tudes  f o r  control  var iable  constraints .  Time t o  i n i t i a t e  and t o  re lease 
cocs t r a in t s  should be input  a f r a c t i o n  of an integrat ion s t e p  before the 
actual  desired time. These times a r e  measured i n  seconds from launch, 
exclusive of coasts .  
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Data Block 23 -

Minimum allowable a l t i t u d e  f o r  coast  per igee constraint  and c i r c u l a r  park 
o r b i t  constraint .  

Data 13locli 24 

Noxinal range angles f o r  closed-form coast  stages. The independent var iable  
used i n  o r b i t  equations t o  descr ibe t h e  coast  duration is the increment 
i n  t r u e  anoxaiy, o r  t he  c e n t r a l  angle.  This should b e  inpu t  a s  a non-zero 
zngle f o r  an adjustable  coast .  

Weighting constants f o r  optimization parameters. For numerical reasons, it 
i s  necessary t o  use non-unity weighting constants f o r  some of the adjustable  
paramters .  Tine recommended weighting constant f o r  a l l  closed-form coast  
s t a g e s  i s  1.0 f o r  the integrated coast  stage 5 use 10-5, f o r  adjustable  
burns use 10-5 (sometimes 10-h i s  necessary), fo r  the adjustable  launch 
t i n e  of day use 10-9, f o r  t he  i n i t i a l  azimuth and f l i g h t  path angle, use 
2.0 and 1.0, respectively.  Use 1.0 f o r  t h e  control  va r i ab le  ch i .  Smaller 
nudoers will produce l a r g e r  adjustments on any one i t e r a t i o n .  The weighting 
constants must be input  f o r  a l l  specified adjustable  parameters and c h i .  

Cocvereence data. The f i r s t  word i s  t h e  i n i t i a l  weight improvement ( i n  
poxxis )  t o  be used i f  the automatic computation of t h i s  number f a i l s .  Five 
pe-rcer,t of the  e-xpected burnout weight would be a repsonable number. The 
second word i s  the  "epsilon w e i g h t 1 '  or  allowable proximity t o  optimum f o r  
ceasing 'he optimization. When the attempted weight improvement becmes l e s s  
than t h i s  number, t h e  f i n a l  guidance runs a re  made. Due t o  t h e  halving 
process t h a t  i s  used and +&e usual non-linearit ies t h a t  a r e  encountered, t he  
user  should input a number t h a t  i s  no bigger than one-third of t he  ac tua l  
desired condition. For the t h i r d  word, twenty i t e r a t i o n s  a r e  general ly  
m r e  than su f f i c i en t .  Fourth, t h e  veloci ty  below which the in t eg ra t ion  
package i s  forced t o  s t a y  i n  Xunge-Kutta, should be  no l e s s  than 1000 f t / s ec .  
r.
=ur:her, i f  the vacuum th rus t  i s  time-variant within a stage,  the Runge-Ku-tta 
f i d e  should be used v i a  this mechanism. The f i f t h  word i n  this data  block 
:-epxsents the specified point along the t r a j e c t o r y  a t  which the  switch 
'cet:;.een closed-loop and open-loop guidance i s  made. This i s  input a s  a 
veloci ty .  Generally, t h e  closed-loop computation i s  most e f f ec t ive  when t h i s  
ve loc i ty  i s  approximately two t h i r d s  of t he  terminal veloci ty .  However, if 
there i s  a coast s tage of more than 100 seconds t h e  open-loop computation 
should  start  before t h a t  coast .  

Alloxable deviations i n  terminal and p a r k  o r b i t  constraint  parameters. Since 
uach for:.rard run i s  judged successful or not p a r t i a l l y  on the bas i s  of s a t i s ­
fying t h e  terminal constraints ,  an acceptable "dead band" must be  specif ied f o r  
each cons t r a in t  parameter. This "dead band"is important primarily in the 
inte,mediate i t e r a t i o n s  and hardly a f f e c t s  the cons t r a in t s  m i s s  on the  
f i n a i  (optimized) t r a j ec to ry .  If too t ight  limits are imposed, the  mass 
improvement w i l l  proceed with unnecessarily small s teps .  If the limits a r e  



t o o  DOSE, son:e i t e r a t i o n s  will unwisely be judged llsuccessful.ll Recornmended 
l i n i t s  aye 10,000 f e e t  OA dis tances  and one degree on angles.  

Data Block 30 

Vacuum. t h r u s t  t ab l e s  a r e  input a s  funct ions of stage time f o r  each pouered 
s tage specif ied.  

Data Block 31, 32, 33 

Aerodynamic force coe f f i c i en t s  a r e  input a s  funct ions o f  Mach nunber f o r  
stages i, 2, 3, 5 ( n o t  h )  i f  specif ied.  The ze ro - l i f t  drag coef f ic ien t  is 
i r i pu t  cnlea options f o r  zero aerodynamics a r e  selected.  The lift coef f ic ien t  

~used is a a E L / ~ ve:'sus Mach number. The drag r i s e  'due to angle of attsc!c 
is a ~ C D / A ~ Z  versus Mach number. The l a t t e r  two t ab les  must be input 
s n l y  i f  t h e  c p t i o n  f o r  aerodynamic 1- i f t  i s  selected.  

Data Blocks  24, 3.5, 26 

Nominal p i t ch  programs on theta ,  e ta  and c h i .  The use of these  tab les  dzpends 
E n t i r e l y  G:. o?Lion 2. 

Data Ehck 35 

Stege daca :OF siages i -through 5 aiust be input  f o r  each s tage specif ied i n  d i e  
stage sequence. 
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1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

1 
2 
3 
4 
5 
6 

DATA INPUT 

T)&TA BLOCK NUMBSR TITTE 

1 Main Heading 

2 Case Heading 

3 Date 

4 Options 

5 Stage Sequence 

6 	 Adjustable
Parameters 

FORMAT CUWENTS 

12A6 

12A6 

2A6 

2&11 IP(n) - - See l i s t  of available 
options 

1211 	 ISTCE(n )
Powered Fl ight  Stages 1 through 4 
Atmospheric Coast Stage 5 

Closed-form Coast Stages 6 through 9


* End Sequence with Zero 

1lI3 	 IBl(n) 
I B 1 (  1)=The number of adjustable  

parameters t o  be optimized
IB1(2)  =The ad jus table pa rame t e r  
: codes i n  non-decreasing 

M l ( l l ) o r d e r  
++ Adjustable Parameter Codes ie% 


Length of Coast After Middle Burn i n  Stage 4 

Length of Middle Burn i n  Stage & 

Length of Coast After First Burn i n  Stage b 

Length of F i r s t  Burn i n  Stage k 

Length of Coast After Stage 3 

Length of Coast After Stage 2 

Length of Coast After Stage 1 

Launch Time of Day 

I n i t i a l  Azimuth 

I n i t i a l  F l igh t  Path Angle 


8 Terminal Constraints 713 	 IB3(n) - - Kission-Dependent 
IBj(1) - Stopping Parameter Code 
IB3(2) - Form o r  Kumber of 

Terminal Constraints 
IB3(3) = L i s t  of Constraint Codes 

f o r  Orbi t - inject ion and 
Lunar Descent MisslonsIB3i7) 

++E Stopping Parameter Codes 99 

A. Orbit-Injection Mission 

"WOE (VI2 - 2p/R) 
Available 
Available 
I n e r t i a l  ve loc i ty  (VI>
Available 
Velocity 

B. Lunar Transfer Mission 
1 TransferTime t o  Lunar Radial Distance 



+e+Stopping Paraneter Codes 9)c 

C. Iunar Descent Mission 

Use only Code 6 (Velocity) 

D. Planetary Transfer Mission 
1 Hyperbolic Excess Velocity (VH) 

x-z Form or  Number of Terminal Constraints * 
A. Orbit-Injection Mission 

and 
C. Lunar Descent Mission 

The Number of Terminal Constraints (1, through 6 )  
3i Include the  Terminal Mass Constraint i n  this C o u n t  

B. Lunar Transfer Mission 

1 Use Epherreris, Do Not Constrain Incl inat ion of Transfer &bi t  
2 Use Ephemeris, Do Constrain Incl inat ion 

D. Planetary Transfer Mission 
? Do Not Use Dhemeris (Input VH Vector) 

2 "S 


3 Venus 


w Constraint Codes For Orbit-Injection and Lunar Descent Missions * 
1 Perigee Radius 
2 	 Orbit Incl inat ion 

Longitude of Ascending Node 
Argument of Perigee;

5 
6 f i t i t ude  

7 I n e r t i a l  Fl ight  Path Angle

8 Longitude 

9 Ine- l t ia l  Azimuth 

10 Ia t i tude  

11 Available 

1 2  Available 

13 Available 

3.4 Radius 
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DATA INPUC 

DATA BLGCK NU?tBER TITLE FORMAT- ­
9 Output Frequency 24I3 

10 Nominal Constants llE12.8 
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COMME3JTS 

IBJ.l(n)

Frequency Defined As: 


-.(number of computed points)  

(nuniber of output points)  

IBb(1) - InitiiL Trajectory 

IBb(2) - Intermec?iate 

Isk(3) - f i n a l 

IBb(4) - Stage Code 

IBb(5) - I n i t i a l  Trajectory 

IBL(6) - Intermediate 

IBL(7) - Find. 

IBL(8) - Stage Code 

IBL(9) - I n i t i a l  Trajectory 

DL(l0)- Intermediate 

IEi&(U)-Final  

IB4(12)- Stage Code 

IBL(13)  - Initid Trajectory 

Ish(1-4) - Intermediate 

IB&(lS)- Fir& 

IB4(16)- Stage Code 

IBb(17) - I n i t i a l  Trajectory 

IB4(18)- Intermediate 

IBb( 19) - Fina l  

IB4(20)- Stage Code 


CTl(n)

Nominal Values Shown 

Input or3y i f  changes are  desired 


CTl(1) - 7.2921lE-5 Iiad Sec begs

CTl(2) - l.kOi’735E16 Ft4/Sec2 FI.XJ 

Crl(3) = 20902900. Ft iiE 
CTl(4) = 1716.L827 Gas constant f o r  

atmosphare subroutine 
CTl(5) = 32.15h856 Ft/Sec2 measured 

sea l e v e l  gravity;  weight-to­
rrass conversi on f a c t o r  (GO)

CTl(6) = 2116.2 lb/FtZ PO 
sea l e v e l  ambient pressure 

CTl(7) - 250,OOO. F t  HAZE0 
Alt i tude above which all 
aerodynamic computations 
are by-passed 

CTl(8) = 46. Upper l i m i t  of l i n e s  
Per Page

CTl(9) = (Available) 
CT1(10)=.02 sec T D E P  

Time-ep s i l o n  increment t o  
insure h i t t i n g  c r i t i c a l  t i m e  



DATA INPUT 


COMMEEPTS 

11 Atmosphere 8~12.8 CT2(n) Nominal values tabulated 
7 9
L Subroutine 8312.8 CT3(n) i n  report  section 
13 Constants 8312.8 CTL(n) describing atmosphere 
It: I1 8312.8 

15 	 Nominal Constants 8R2.8 
f o r  COAST Sub­
rout ine 

16 	 Time Duration 12312.8 
and Number of 
Integrat ion Steps 
Within Each Stage 

17 Input Data 20El2.3 

Used i n  Calcu­
l a t i o n  for Initial 
Mass Improvement. 


0 

CTS(n) subroutine 
* Input only if changes froin 

nominal values a r e  desired 

~ ~ 6 ( n )* Input oaly for Charde. 
Used i n  forming p a r t i a l  derivatives 
across closed-form coasts. 
CTh(1) 9 1.0 Velocity IRcreliient 
CT6(2) = -001 Gamma Incrercent 
~ ~ 6 ( 3 )9 100. iladius Incremnt  
CT6(4) = .001 Tau Increment 
CT6(5) = .1 Ifms Incrernent 
m6(6) - -001 ?si Increment 
CT6(7) = -001 Lambda Increment 

CT6(8) - .001 Coast angle Incramnt  

DA1(n)

Tirce i n  seconds 

DAl(1) Stage 1 Time Duration 

DU(2) Stage 1Points 

DAl(3) Stage 2 T h e  

M(L) Stage 2 Points 

DAl(5) Stage 3 Tine 

Dfl(6) Stage 3 Toints 

DAl(7) Stage 4 Total Time Ijuration

DAl(8) Stage 4 Total  Points 

DAl(9) Stage h First Bwnout T i r e  

DAl(10) Stage 4 Second 3 i n o u t  Tim 

DAl(Il) Stage 5 T i m  Duration(nomina1)

iIAl(12) Stage 5 Points 

DA2(n) 


DA2(1) I rput  should = GO 
DA2(2) = + L O  f o r  Take-off 

= -1.0 f o r  Xetro-burns 
DA2(3) Total Fxpected 2d.m T h e  ( T I X )
DA2(4) N o m i d  delta e-
DA2(5) Nol;linal delta chi  %

* Suggest .$( r zaans )
DA2(6)	. Nominal de l ta  tau  1. t h o u g h  

de l ta  tau  10.. 
DA2(15)
DA2(16) Delta tau li it peri terat ion on

Coast Stage 2 
DA2(17) Magnitude for Total Tine Con­

straint.
DAZ(18) t t t ~ n l ”Coast .4ngle far 

Closed-Fom Coast Stages 
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DATA IhTpUl‘ 

- - COMMENTSDATA ELCCK NUMBER TITLF, FORMnT 

19 T e r m i n a l  61312.8 DA&(n) Mission-ilepencient 

Constraint  DA&(1) is t h e  magnitilde of t h e  
stopping paraineterMagnitudes DA4(2) are the  desired values 03 t h e  

: termi.miL constraints ,  listed 
DA4(6) i n  the  same order as i n  

Data 3lock :k”er 8 
* U n i t s  are feet, radians, seconds 

% - % T e r m i n a lConstraints Input Guide %-% 

A. Orbit-Injection and Lunar Descent ~ s s i o n sand c. 
As Described Above 

B. Lunar Transfer Ydssion 

DAL i2 Used In te rna l ly 
DAll(3)

D&(&j Incl inat ion of T r a n s f e r  Orbit (radians) 


D. Planetairy Transfer Mission 
D a ( 1 )  Hyperbolic Excess Velocity 

D h ( 2 )  Right Ascension of Iiyperbolic Asymptote (radians)

Dh(3)  Declination of Hyperbolic Asymptote (radians) 

DA4(6) Transfer T i n e  (days) ( I X k ( k )  and D A k ( 5 )  a re  used .internally)

* D&(l,2,3) are not required input  if PLANEP rout ine is ca l led  
20 In i t ia l  Times 2R2.3 D A ~ W  

DAs(1) Time Duration f o r  Closed-form 
Lift-off Calculation ( s e c )  

DAS(2) Launch Time i n  Space Age Data 
(days from Janxry 0.0, 1960) 

21 Initial Conditions 6E12.8 DA6 (n) 
3A6(1) Alti tude ( fee t )  
DA6(2) Longitude (degrses f from 

Pri i ie  meridian) 
DA6( 3) Latitude (degrees) 
D~6(4)  Velocity (fest/second) 
CA6(5) Azimuth (degrees) 
DA6(6) Fl ight  path angle (degrezs) 

22 cont ro l  Variable 6El2.8 DA7 (n) 

Constraints DA7 (1) QBAit*ALPHA Magniit.de 
(lb/f t2)yr (radians ) 

DA7(2) Time t o  S t a r t  TestingiDA7(3) Time t o  Release Constraint 
For 0 Constraint  

Time t o  S t a r t  Testing 
Timb t o  ReleaSeJQnstrdnt  
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DATA INPUT 

DATA BLOCK h W E R  TITLE FORMAT- ­
23 	 Ccnstraints on m2.8 

Sta te  Variables 
During Boost 

24 	 Nonunal Range tE12.8 
Angles fo r  Closed-

Form Coast Stages 

27 	 Weighting Constants l.lEl2,8 
For Optimization 
Parameters 

28 Convergence Data 6EL2.3 

29 Permitted Values 5 ~ l 2 . 8  
of Terminal Constraint 
and coast perigee constraint  
deviations 

30 	 Vacuum T h r u s t  12312.8 

Tables 

31 	 D r a g  Coefficient 22E12.3 
Tables (ALPHA = 0.) 

COP.C.IENTS 

DA8 (n) 
DA8(1) Available 
D A ~(2) Available 
9A8(3) Minimum Alti tude for Coast 

Stages 8 and 9 ( f e e t )
DA8 (4) Available 

DA9(n) Angles I n  radians of Central 
Arc 

DA9(1) Coast Stage 6 
DA9(2) Coast Stage 7 
DA9(3) C o a s t  Stage 8 
DA9(4) C o a s t  Stage 9 
DA12(n) 
DAl2(1) For Adjustable parm-aters. ident i f ied  by code nvnber 
DAi2 (10) as l i s t e d  far LIATA Block 6 
DAU(11) For Control VariabLa C M  

DAU(n) 
DAl3(1) 	 Initial %sight Improvement 

t o  be used if ( a t o m t l c )  
in te rna l  computation fails 

DAl3(2) @silon-weight foi. stoppiry 
attempted mass i irovaxrent 

DA13(3) -mi Number or" FoAn~a-rd 
Trajectories pe-*. cese 

DA13(4) Velocity below which Runge
Kutta integration i s  alxays
used. 

DA13(5) 	 Velocity t o  s t a r t  open-lcop
cmputat,ior,s. 

D U ( 1 ).. .  List i n  same order as 
constraints a?e specif ied 

D A G ( 5 )  and i n  th smw u n i t s  

* Suggest 10,000 f e e t  f o r  distances 
and 1degree on angles 

!CTl,TT2,TT3,TTb 
9 Stage Code Required on Header C a r d s  

Sequence:. Blank, time, thrust ,  t i m e ,  
thrust....... 1.OE10 

TDl,TD2 .TD3 .TD5* Stage C a d 8  kequird on Header Cards 
Sequence: 	 Blank,  Mach, C ,Mach, CD, 

Mach. .... L O E L 8  
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DATA INPUT 

GATA BLOCK NLJM3F.R -TITLE FO.WAT 

32 Iiift Coefficient 22312.3 
per ALPHA 
Tables 

33 K-Drag Tables 22312.8 
(Drag Due t o  
Non-Zero ALPHA) 

34 Theta History 32312.8 
f o r  Nominal 
Trajectory 

35 	 E t a  History f o r  32E12.8 
Nominal Trajectory 

36 	 C h i  History f o r  32 n2.8 
Nom!inal Trajectory 

39 Stage D a t a  5 ~ 1 2.3 

COPEQXTS 

TLl,TI2,TL3,TG* Stage Code Required on Headar Cards 
Same Sequence: Plach VS. CL,
U n i t s :  CL per  radian 

TIQ.,TK2,TK3 ,TKS* Stage Code Required on Header Cards 
Same Sequence: Mach VS. 
U n i t s :  per radian2 

TTH 

Same Sequencer Theta VS. tine 


U n i t s :  	 degrees, t i m e  f ro2  launch 
exclusive of coasts 

TET 
Same Sequence: Eta vs. t i m e  
U n i t s :  degrees, time from kunch 

exclusive of coasts 
TCH 

Same Sequence: Chi VS. t i m e  


U n i t s :  	degrees, t i n e  from launch 
exclusive o f  coasts 

SGl,SG2,SG3,SGh,SGS each dimersioned 
i t  Stage Code Required on Eeader Cards 

1) Vacuum 1, (sec)
2) Aerodyn.&?c Referance Araa&fi*) 

SGx(3) Total  Nozzle F X i t  Area ( f t  ) 
SGx(4) Initial Weight ( lb) 
SGx(5) Fina l  Weight ( lb)  

* NOTE: When Inputting Changes t o  Theta, Eta,  o r  C h i  t ab les  the en t i re  
t a b l e  must be re-input. 
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DATA INPUT 

W+ LIST OF AVAILABIE OPTIONS FOR DATA BLOCK NUI- b 

I P O )  Mission 	 1 Orbit-Injection 
2 Inject i n t o  h n a r  Transfer from E a r t h  L i f b o f f  
3 Inject i n t o  Lunar Transfer from B r t h  O r ’ d tL LUnarLandbg
5 Inject i n t o  Planetary Transfer from Ear th  Lift-or”f 
6 Inject i n t o  Planetary Transfer from Earth Orbit 

IP(‘2) Axes 	 0 Rotating and 3D 
1 Rotating and 2D 
2 Non-rotating and 30 
3 Non-rotating and 2D 

IP(3) 	 Control Variables 0 Theta from Input Table and Chi - 0. 
For Xoominal 1 Theta and C l d  from Input Tables 
Trajectory 	 2 Eta from Input Table and C h i  = 0. 

3 Eta and C h i  from Input Tables 

iP(4) Control Variables 0 E t a  only 
t o  be Cptimized 1Eta and C h i  

2 chi only 

I?(S) 	 Closed-FOrm 0 Use this Computation 
Lift-off Compu- 1 Do not use this Computation 
t a t i o n  

IP(6) Thrust 0 Table Look-up - - Vacuum T h r u s t  vs, time 

w s  Computation o NDWT = ~ o / Q j o * ~ s p )  

Aerociynamics 	 0 Lift = 0. only
1 Drag - 0. only
2 I j f t = D r a g =  0. 
3 Include UFt and Drag 

W 9 )  	 Fxpency of New 1 After every successful forward t ra jec tory
Adjoint Solution 

IP(10) 	 Special Computat- 0 Xone 
tions and Print­
out 

IP(11) Constraints on 0 None 
Control Variables 1 QBAR*APHA 

2 ALPHA - 0.0 
I?(12) 	 Constraints on 0 None 

S t a t e  Variables 
During Boost 

0 Do not constrain t o t a l  time 
IP(13) Total Time Contraint 1 Do constrain t o t a l  time 
IP04) 	 Mass-Improvement 0 Fixed h u n c h  weight 

Procedure 1 FlxedFLnalStage 

6-16 




DATA INPUl' 

LIST OF AVAILABU OPTIONS 

I W 5 )  Memory m 0 Do not dump memory
1 Dump memory at end of job (includes floatir3­

point dump of floating-point numbers in comon) 
I?(16) Output 	 0 Buffered Output

1 Non-Buffered Output 

IP(17) 	 output of 0 Do not output data 
Input Data 1 Output data 
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OUTPUT FURMAT 

The output of PRETO cons is t s  pr imari ly  of the tabulated h i s to ry  of the 
t r a j ec to ry  var iab les  fo r  each forward i t e r a t i o n .  There i s  a l s o  an output 
of a l l  data a i c h  h a s  been input ( se lec ted  by option 17), output from the  
lunar  and planetary ephemeris spbroutines i f  they a r e  used, output of t h e  
corrections t o  be  mde i n  the terminal constraints on each i t e r a t ion ,  and 
output of several  qass improvement parameters. A def in i t i on  of a l l  
output quan t i t i e s  fol lows.  

C U L istings 

TIME Total time from launch 

VKL Velocity i n  ro ta t ing  frame 

GMMX Vertical-plane path angle of VEL from horizontal  

PSI Azimuth of VEL, degrees e a s t  of north 

ALTITUDE Distance above planet, surface 

LAM Latitude, degrees north of equator 

TAU Longitude i n  ro ta t ing  frame, degrees e a s t  of prime meridian 

c/mrt Dynamic pressure 

"UST Net t h r u s t  

WEIG!IT Sea l eve l  weight

TH FTA Thrust angle to hor izonta l  

CF!I Yaw thrus t  angle of aL'kck 

FTA Veri ical  plane th rus t  ar,gle of a t t ack  

DCHI Change i n  CHI from curren t  nominal t r a j e c t o r y 

DETA Change i n  ETA from cur ren t  nominal t ra jec tory  

V I  Velocity i n  i n e r t i a l  f rsme 

G h M I  'Jertical-plane path angl e of V I  

PSI1 Azimuth of V I  

MA (=H Mach number, VN/local speed of sound 

ALPHA Total angle  between THRUST and VEL 

DFUiCr Total aerodynamic drag

1,rrr Aerodynamic l i f t  


Product of R4ri and ALPIIA%K# Azimuth of &st vector 
O u t p u t a s- t S t a g e s-

WOE 2~ = VI^ - Z p / r 

Dl Angular momentum, VI - r - cos  YI 

RP Perigee radius 

Jrf E Incl inat ion,  radians 

B E M C  Central angle of coast ,  rad ians  


O i i t p t  of Tend.na1 3ondi tions Orbi t  E!.emen ts 

._ 

goE] Same a s  Closed-Form Coast 
R? 
EYE Incl inat ion,  degrees 
3ETAP Argument of perigee, degrees 
OIYBSAE Longitude of ascending node, degrees 
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Output a t  S t a r t  of Each I t e r a t i o n_- _.-

Terminal Constraint Corrections These quant i t ies ,  ca l l ed  d K  i n  the  
equations, are the  negative of t h e  e r ro r s  i n  terminal constraints  
on t h e  current nominal. Units a r e  feet  and radians. 

DWF" Improvement i n  f i n a l  w e i g h t  attempted on each i t e r a t i o n  
See discussion of Fixed F ina l  Stage OptionZAAD] i n  Section 10 

EMASD I n i t i a l  w e i g h t  improvement attempt 
LAUNCH TIME Space Age Date a t  start of t r a j ec to ry  

Special  Output for Lunar Transfer Missions 
. .  ~-

(a) Output of lunar posi t ion a t  nominal a r r i v a l  time and one-half day l a t e r .  

This i s  i n i t i a l  output f o r  case, computed from lunar ephemeris subroutine. 


ALPHA Right ascension of lunar posit ion,  degrees 

DELTA Declination of lunar posit ion,  degrees 

DISTANCE Radial distance from Earth center t o  Moon center a t  nominal 


a r r i v a l  time 

(b) Terminal Conditions 

m Transfer t i m e  t o  Moon, hours 
ALFAM Computed vehicle r i g h t  ascension a t  Moon 
PELTAM Computed vehicle decl inat ion a t  Moon 
EYE Incl inat ion of t r ans fe r  o r b i t  

I C )  Updated time of a r r i v a l  and corresponding lunar posi t ion a r e  computed
a f t e r  each i t e r a t i o n ,  takine i n t o  account t h e  adjusted launch time, coast 
durations, e t c  . 
Special .-. - . .OUtFit- f o r  Planetary Transfer  Missions 

( a )  I n i t i a l  output of required hyperbolic excess ve loc i ty  vector iwgnitude, 
a d  r i gh t  ascension and decl inat ion angles computed from F'LANEP subroutine. 

(5) Terminal Conditions . 
4.L FA P Departure hyperbolic asymptote computed from terminal 
DELTAP t r a j e c t o r y  va r i ab le s  
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TXOUmE SHOOTING 

1;iste6 i n  this sect ion a r e  a few of the more co.mon diff icul tAes which can 
b e  encountered i n  the use o f  PRESTO. Most of the t roubles  r e s u l t  from oa i t t ed  
o r  wrong daba input .  The remainder of cases  involve the  timing of the switch 
fro111closed-loop to open-loop computation. This po in t  w i l l  be referrred t o  
as T 9 .  The symptom are l i s t e d  along with the probable cause. 

. 	No p r i n t  out of f i n a l  l i n e  of output giving o r b i t  elements a t  
end of  each forward t ra jec tory .  

Reason: Insuf f ic ien t  burn t i m e  allowed i n  f i n a l  s tage .  

. Fai lure  t o  convere properly i n  guidance i t e r a t i o n s .  

Reason: (1) Erroneous specif icat ion of terminal constraints .  

( 2 )  Placement of T9 a f t e r  an extended coas t .  

. 'duns only  guidance t r a j e c t o r i e s  without s t a r t i n g  optimization. 

Reason: Fa i lure  t o  input  allowable deviations i n  Data Block 29.  

. Fai iure  t o  meet terminal cons t ra in ts  w e l l  while optimizing. 

Reason: T9 i s  too  ear ly  i n  the t r a j ec to ry .  

. DETA sa tura t ing  a t  end of t r a j ec to ry  (p r in t ing  out ~ l ~ . O ldegrees). 

Reason: T9 i s  too l a t e  i n  the t ra jec tory .  

. Zero increment computed f o r  ad jus tab le  parameters. 

Reason: Veighting constants have not been input .  

. Unduly l a rge  increment computed f o r  ad jus tab le  parameter. 

Reason: Weighting constant is too small. 

. Zero increment computed f o r  adjustable  coas t  s t age  5.  

Reason: Fa i lure  t o  input M2 (16) i n  data block 17. 

. Zero DCHI on any rotating-Earth or  out-of-plane boost. 

Reason: 	 Weighting constant f o r  CHI has  not been input  to data 
block 27. 

6-20 



EQUATIONS 



LIST OF SYHBOLS 

A Aerodynamic reference area 
sign A 1 +1f o r  takeoffs  and -1 f o r  retroburns 

Ae Rocket nozzle e x i t  area 
a Local speed of sound 

cD Aerodynamic drag coef f ic ien t  


cL Aerodynamic l i f t  coef f ic ien t  


D Aerodynamic drag force 

E Tptal  energy of o r b i t  (or coas t )  

F dV/dt 

G d V/d t  


g Local accelerat ion due to gravity 

ge Sea l e v e l  g 
H d7f//dt 

H Angular momentum of o rb i t  

h Alt i tude above planet  surface 


I d r / d t  


i Inc l ina t ion  of o rb i t  plane t o  equator 


J’ d l / d t  
K d ?/at 
L Aerodynamic l i f t  force 
l4 Mach number 
m Mass of vehicle  

P Local atmospheric pressure 

r 4adial  dis tance from planet cen ter  t o  vehicle  


rP Perigee radius  of o r b i t  


& Semi-major axis of o rb i t  


rM Lunar r a d i a l  distance from Earth-center 

T Net t h r u s t  force 


TG Space Age Date = Ju l ian  date  - 2,436,934.5 

t Time from pericenter  of o r b i t  


TV Thrust measured i n  a vacuum 
V Velocity in ro ta t ing  frame 

Velocity in inertial frame 

I 




Angle-of-A t t a c k  

R i g h t  ascension 

Right ascension of the hyperbolic asymptote 
Right ascension of the vehicle  a t  the Moon's radius  

In-plane range angle from the  ascending node 
Range angle of coast 

Angle between ascending node and hyperbolic asymptote 
In-plane range angle a t  the Noon's radius  from t h e  ascending node 

Argument of perigee 
Angle between V and l o c a l  horizontal  ( f l i g h t  path angle) 

Angle between VI and l o c a l  horizontal  ( i n e r t i a l  f l ight  path angle) 

Declination 
Declination of the hyperbolic asymptote 

Declination of the vehicle a t  the Mom's radius  
True anomaly 

Limiting value of t rue anomaly of hyperbola 
True anomaly a t  Moon's radius -
Angle between th rus t  vector and ix- I plane (see page 7-2)

Y 
Angle between th rus t  vector and local horizontal  

La titude 


Gravity constant 

I n e r t i a l  longitude angle from ascending node 


I n e r t i a l  longitude of hyperbolic asymptote 

I n e r t i a l  longitude of the vehicle a t  the Moon's radius 


Atmospheric density 

Longitude w i t h  respect  t o  the ro t a t ing  E a r t h  


Angle between l i f t  vector and Tz a x i s  ( see  page 7-2) 


Angle between I ax i s  and the project ion of the thrust vector 
- - Y  
on the ix- i plane ( see  page 7-2)

Y 
Angle between North and the horizontal  component of V (azimuth) 

Angle between North and the horizontal  component of VI ( i n e r t i a l  

azimuth) 
E a r t h  ro ta t ion  rate 

Longitude of ascending node 



-T=T i - p A e  
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TERMINAL CONSTRAINT EQUATIONS 

The nature of t h e  t r a j e c t o r y  optimization process in PRESTO is v i r t u a l l y  
the  same over a l l  the space missions available.  The differences l i e  only 
i n  the  form of the  terminal cons t ra in ts  imposed on the t ra jec tory .  For 
the  Earth-orbit mission terminal constraints  can be imposed on the 
t ra jec tory  var iables  expl ic i t ly ,  o r  they can be specified i n  terms of 
conventional o r b i t  e l e i e n t s  which a r e  functions of the t ra jectozy variables.  
For the lunar and planetary t ransfer  missions the  terminal cons t ra in ts  have 
been formulated a s  parameters which a r e  functions of Earth o r b i t  elements. 
Thus, multiple use of t h e  coding is made possible  and the  form of the 
cons tmin t s  i s  conceptually s imi la r  among the three types of mission. 
The various constraint  parameters a r e  discussed, by ,mission, and defined 
i n  equation form in t h i s  section. I n  addition, t h e  p a r t i a l  der iva t ives  
of the constraint  parameters with respect to the i n e r t i a l  t ra jec tory  
var iab les  a r e  docummted. These der ivat ives  a r e  used in s e t t i n g  i n i t i a l  
conditions on the ad jo in t  var iables  t o  be integrated.  

Earth-Orbi t W ission 

The o r b i t  elements a r e  diagrammed in the  f igure  on the following page. 

The equator cons t i tu tes  the basic reference plane. The i n e r t i a l  lllongitudell 

reference i s  i n  the direct ion of the vernal  equinox, which is  defined here  

t o  be the in te rsec t ion  of the plane of the e c l i p t i c  199.0 and the equator 

of date. 


The form of the  equations used f o r  the o r b i t  elements i s  such that they 

a r e  va l id  f o r  e l l i p t i c ,  parabolic and hyperbolic orb i t s .  


Lunar Transfer Mission 


I n  this mission, one is interested in boosting t o  burnout conditions t h a t  

will lead t o  lunar  in te rcept  i n  a s ta ted  length of time. I n  PRESTO conic 

motion i s  assumed f o r  the t ransfer  arc,and numerical in tegra t ion  of the 

t r a j e c t o q  i s  conducted only t o  burnout. Burnout, on any i t e ra t ion ,  is 

the  time a t  which the ( i n s t a n t )  combination of t r a j e c t w y  var iables  would 

produce a coas t  t o  lunar rad ia l  dis tance i n  the specified t ransfer . t ime.  

Thus, t r a n s f e r  time t o  lunar r a d i a l  distance cons t i tu tes  the stopping 

parameter. The remaining requirement is  t h a t  t h e  vehicle posi t ion a t  the 

end of t h i s  coast  be the same a s  the  Moon ( i n t e r c e p t ) .  This posi t ion 

(angles of r i g h t  ascension and declination) i s  computed from the t m j e c t o r y  

variables  a t  burnout, again assuming conic t r a n s f e r  t o  the Moon. These 

two angles cons t i tu te  the  terminal cons t ra in t  parameters j t h e i r  desired 

values a r e  found automatically by the ephemeris routine. 


It should be r e a l i z e d  t h a t  with the above formulation the optimum in jec t ion  

conditions a r e  found as an impl ic i t  p a r t  o f  t h e  t ra jec tory  shaping process. 


Finally, t r a n s f e r  o r b i t  incl inat ion can a l s o  be constrained t o  8 specif ied 

value by input  option. 


Planetary Transfer Mission 


The terminal constraints  formulation f o r  the planetary t rensfer  mission is 

very analogous t o  that for t h e  lunar  mission. I n  this case, t h e  magnitude 
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of the hyperbolic excess veloci ty  vector cons t i tu tes  t h e  stopping pala­
meter, and i ts  ri&t ascension and declination direct ion angles a r e  the 
cans t ra in t  parameters. (The d r e c t i o n  of the vector  is t h a t  of t h e ,  
asymptote t o  the departure hyperbola.) As discussed in Section 9 ,  t h e  
charac te r i s t ics  of the departure hyperbola required f o r  a specified
t ransfer  a r e  computed by t h e  PLANEP subroutine. (They can a l s o  be  input  
d i rec t ly . )  Further, an approximation is a l l w e d  as follows. Since the  
direct ion of the asymptote i s  stated i n  terms of i ts  r i @ t  ascension and 
declination, an Earth-centered or ig in  of the asymptote is implied. The 
approximation employed is t o  accept any hyperbola (of  the required energy) 
whose asymptote i s  p a r a l l e l  to the required direct ion.  Since typ ica l ly  
the asymptote passes within one o r  two Earth-radii of Earth center, the 
approximation is r e l a t i v e l y  slight. 

Again, it should be  rea l ized  t h a t  with the above formulation the  optimum
injec t ion  conditions are found as an impl ic i t  p a r t  of t h e  t m j e c t o r y  
optimization. 
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GEOMXTRY USED TO DZFINE THE GRBIT ?LAX3 FEATURES 
IX SPACE--OEIIEWD EQVATOIUAL SYSTEY 

OUTWARD RADIAL 
For Planetary Mission--Direction of hyperbolic excess ve loc i ty  vector t rans la ted  

t o  Earth center 
For Lunar lission--Vehicle posi t ion a t  Lunar r a d i a l  dis tance 

3 Booster burnout ae Right ascension of Outward Radial 


H Direction of Outward Radial a In-plane angle from ascending node 


El Equakorial project ion of H PP Argument of perigee 


P Perigee of o r b i t  i =  EYE Incl inat ion of geocentric o r b i t  plane 


p1 Ecpatorial  project ion of P 613 
Declination of Outward Radial 


T Vernal equinox 3/ I n e r t i a l  longitude angle from 


'c True anomaly ascending node 


% Longitude of W 

W Ascending node of t h e  o r b i t  plane 
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DERIVATION OF PROPERTIES OF ADJOINT VARIABLES 

The steepest  descent method of t ra jec tory  optimization depends on obtain­

ing  the e f f e c t s  of small changes i n  the control  and t ra jec tory  var iables  on t h e  

terminal constraints .  These e f fec ts  are provided by solving a s e t  of equations 

which a r e  adjoint  t o  the l i n e a r  perturbation equations wr i t ten  about a nominal 

t ra jec tory .  A der ivat ion of the propert ies  of  t h e  so lu t ion  of the  ad jo in t  

equations is given here. 

Assume a two-variable system which i s  described by the  non-linear d i f f e r e n t i a l  

equations 

where x and y are  the  dependent variables, t is t h e  independent var iab le  and 

u is  the control var iable .  Assume #at a solution t o  these equations is  given 

by the so l id  l i n e  i n  the f i d r e .  One is in te res ted  in determining the e f f e c t  

of perturbations &xi, 6y i  and S u  on a function z (x; y)  a t  the terminal 

time t
f '  gxi and <yi a r e  known a t  a par t icu lar  t i m e  ti and 6 u  is  a function 

of time which i s  known from ti t o  tf. 

x 
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The straightforward way t o  solve this pmblen is t o  obtain the solution 

to Eqs. (1)and ( 2 )  with i n i t i a l  conl i t ions  

xi = x + 6 X i  
n, 

and a new control  variable 

where t h e  subscript  n denotes the nominal value. The values of x and y a t  

the terminal time a r e  then subs t i tu ted  i n t o  Z t o  determine 6 2  = Z ( q y )  

If the deviations from t h e  nominal t ra jec tory  are small, t h i s  process i s  

equivalent t o  solving the s e t  of l i n e a r  perturbation equations 

Note t h a t  i f  one wanted t o  change the t i m e  ti a t  which the perturbations 

a re  knoim, it would be necessary to obtain a new solut ion to Eqs. (3) and 

(&) i n  order t o  f ind  the terminal perturbations.  Thus, it would be very 

tedious t o  determine the e f f e c t s  of perturbations a t  all times t from ti 

t o  tf. However, by solving the equations which are adjo in t  t o  as.(3) 

and ( b ) ,  it is possible to obtain the desired information with j u s t  one 

solut ion of a s e t  of d i f f e r e n t i a l  equations. 
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To derive the  adjoint  equations, begin with the  form of the desired answer. 

A, and x y  a r e  f u m t i o n s  of t i m a  which r e l a t e  perturbations i n  x and y t o  

the perturbation i n  Z a t  the f i n a l  time. P is a n  unknown function which 

represents the influence of 6u on 6 ~ 1 % ~ .  

Consider the  perturbed t ra jec tory  represented by the  dotted l i n e  i n  the 

f igure.  A t  t i m e  tl, all the q u a n t i t i e s  on the right hand s ide of EQ. ( 5 )  

will have some value. A t  t2, they w i l l  have, i n  general, a s l i g h t l y  d i f ­

f e r e n t  value. However, 621 i s  always t h e  same for  a given perturbed 
tf

t ra jectory.  Therefore, the q u a n t i t i e s  on the r i g h t  hand s i d e  of Eq. ( 5 )  
must change in such a way t h a t  & Z i t f  remains oanstant. The time derivative 

of 62kf is zero. 

Subst i tut ing Eqs. (3) and (b )  i n t o  (6) gives 

Ax, hy, and P depend only on the nominal trajectory. One i s  therefore  free 

t o  pick any perturbed t r a j e c t o r y  which will produce the desired results. 

I n  par t icular ,  a s m e  t h a t  6u is zero and t h a t  a t  som a r b i t r a r y  time, 6y = 0. 
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6x i s  the only r e m i n i n g  perturbation. I n  o rde r  t o  s a t i s f y  Eq. (7), t h e  

coef f ic ien t  of 6x must equal zero. Similarly,  if 6 x  is assumed to be 

zero while dy has some value, Eq. (7 )  i s  s a t i s f i e d  only i f  the coef f ic ien t  

of d y  is zero. One is therefore  l e d  t o  the d i f f e r e n t i a l  equations. 

Eqs. (6) and ( 9 )  a r e  ad jo in t  t o  t h e  l i n e a r  per turbat ion equations (Eqs. (3) 

and (4 ) )  with the forcing function 6 u  s e t  t o  zero. Ax and A y  a r e  

referred t o  as adjoint  var iables .  One solut ion of the ad jo in t  equations 

provides the  e f f e c t  of perturbations a t  any t i m e  t on CFiltf .  

To solve Eqs. (8) and ( 9 ) ,  a s e t  of i n i t i a l  conditions is required. These 

i n i t i a l  conditions a r e  specif ied a t  the  terminal time, because it is  a t  t h i s  

point  t h a t  values a r e  known f o r  Ax and Ay. Referring t o  Eq.  (s), it is 

seen t h a t  a t  tf 

For 2 = x, 

X,= I  x y  = 0 
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Note t h a t  the  adjoint  equations do not depend on Z.  Only t h e  ini t ia l  con­

d i t ions  depend on the  form of the terminal constraint .  

Now consider a perturbed t r a j e c t o r y  f o r  which 6 u  is not  zero. The terms 

i n  parentheses i n  FQ. (7) have been shown to be zero. The term i n  square 

brackets must a l s o  be zero. Therefore 

Integrat ing m. ( l o )  f r o m  tf t o  t 
c 

t 
A t  the f i n a l  time tf, a change i n  the control, 6u, can have no e f f e c t  on 

the terminal cons t ra in t .  Ptf i s  therefore zero, and 

JC 

Thus, t o  f ind  the influence of-changes i n  the  control  var iable ,  one evaluates 

the i n t e g r a l  of Eq. ( l l ) ,  where Ax and Ay a r e  solut ions of Eqs. (8) and (9)  

and the  p a r t i a l  der ivat ives  a re  evaluated along the nominal t ra jec tory .  

One is often in te res ted  i n  f inding the perturbation in Z a t  the ti= t h a t  

another function S(x, y) reaches a c e r t a i n  value. S is re fer red  t o  as the  

stopping condition. Let T be the unknown time a t  which the desired value 

of S is  reached. Assuming t h a t  T i s  close t o  tf, one may write 
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- 

where 6 t  = T - tf. ss) m u s t  equal zero if the stopping condition is t o  
T 

be met. Therefore 

s t =  --Is.s 

Similarly, 


I
6 2  and ZS at  tf are given by 

ss - JS- S r 3 - - S yJS 
d x  -)Y 

Subst i tut ing (16) and (17) i n t o  (15) gives 
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Referring to Eq. ( 5 )  with t = tf, it is seen that Ax and Ay & o d d  

be given the following values at tf. 

With these in i t ia l  conditions, the solution of the adjoint equations w i l l  

determine the effects of perturbations in x and y on 2 at  the unknown time 

when S reaches a desired value. 
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DERIVATION OF OPTIMIZATION EQUATIONS 

Define the following matrices: 

where d Y 1  i s  the desired change i n  terminal mass a t  the  
time t h e  stopping parameter is reached and d Y i  , 
i = 2, jc ,  are the  des i red  changes i n  the cons t ra in ts  
a t  t h a t  time. j c  is the  number of terminal constraints ,  

including mass. 

r 1 


L -1 

dY = 

d Y  j c  
- J  

A =  

h 
rl 

x 
12 

A =  

A‘ A,:
‘jc j c  

where the a re  
the solut ion of the  

ithset of ad jo in t  
equations 

where S V  = V on present t r a j e c t o r y  - V on nominal 
t ra jec tory  a t  the same time. 

s$ is  the deviat ion in i n e r t i a l  longitude 



W = 


sa = 

s = 

6 . r  = 

b j  	where w i s  a weighting function f o r  t he  second 

control  var iable  (#) 

'1 


y2 0 
where y1 i s  the  weighting constant f o r  

y3 the first adjustable  parameter 
0 "  

Ym 

$7 i s  t h e  change i n  t h e  p i t ch  plane component of 
t h rus t  a t t i t u d e  and b x  is the change i n  t h e  yaw

Ls )L_I plane component 

-
sll 3 2  ' * 

s21 ' . . .  
S 31 * 

' j c t  * 
. . .  

-

where S i s  the e f f e c t  of the
ik 

kth adjustable  parameter on t h e  
ithcons t ra in t  

where &rii s  the change i n  the ithadjustable  parameter 

The e f f e c t s  of changes i n  the  t r a j ec to ry  var iables ,  cont ro l  var iables ,  and 

adjustable  parameters on the  terminal quan t i t i e s  is given by 

One des i res  t o  determine the value of d a ( t )  and s r t h a t  will permit (1) 

t o  be s a t i s f i e d  f o r  a given d Y  . There is an i n f i n i t y  of solut ions t o  t h i s  
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problem. I n  order t o  determine a unique solution, one f u r t h e r  requires t h a t  
the solution t o  Fq. (1)maximize the following quantity,  i.e., make Q, which 

i s  a negative number, a s  la rge  a s  possible  

The superscript  T s tands  for transpose. 

The problem, then, is t o  f i n d  &a and SI' which maximize Q, while sat isfying 
the cons t ra in t  on d y  . Making use of Lagrange mul t ip l ie rs  form t h e  quantity 

Combining terms gives 

Note t h a t  V is equal t o  Q.  The 6 4  and 6T that maximize V w i l l  a l s o  maximize Q. 
SV must equal zero f o r  a r b i t r a r y  changes i n  Sc4 and 8 7  . 

s(s4T)w & q  i s  a one-by-one matrix and is  therefore  equal t o  i t s  transpose 
& q T ~ T J ( S T ) .  Also, W = WT. Therefore, 

A. 

The coef f ic ien ts  of 6(&a)  and &(ST) must equal zero if sv i s  t o  be  zero 

f o r  changes in d 4 and d 7: Therefore, 
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To solve f o r  , subs t i t u t e  E q s .  (7)  and (8) i n t o  (1). 

and 

Subs t i tu te  back i n t o  E q s .  ( 7 )  and (8)  t o  give 

A t  t h i s  point  i t  i s  useful  t o  ind ica te  the difference between the PRESTO 

optimization procedure and t h a t  of previous programs. I n  Refs. 1and 2, 

the matrix i n  the brackets i n  E q s .  (11)and (12)  i s  inverted only once a t  

the i n i t i a l  time ti' The inverted matrix i s  then multiplied by the vector  

d '# ( d w  i s  zero, assuming i n i t i a l  conditions t o  be f ixed)  t o  form a vector 
of constants.  This constant vector is  then mult ipl ied by W-hT,which 

i s  a function of time t o  determine the e n t i r e  b q  time h is tory  f o r  the 
-1 Tt ra jec tory .  s r  i s  evaluated i n  the same manner with Y S used instead of 

WmlAT. Thus, the changes i n  the control  and t h e  adjustable  parameters 
a re  f ixea  a t  the beginning of the forward t r a j ec to ry .  I n  control  system 

t emino lom,  t h i s  i s  an open-loop s y s t e m .  

I n  the  PRESTO program, every point i s  t r ea t ed  as the i n i t i a l  point.  The 
time ti becomes the  running var iab le  t and the bracketed matrix is inverted 

I.Lelley, H. J. "Gradient Theory of O p t i m a l  Fl ight  Paths," A B  Journal 30, 
947-953 (1960). 

LBryson, A.E., and Denham, W. F., "A Steepest-Ascent Method for  solving 
Optimum Programming Problens,tl J. Applied Mechanics 29,  2L7-S' (1962) ­
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a t  every point of integrat ion while running a backward t ra jec tory .  During 
forward t r a j ec to r i e s ,  t he  change in t h e  cont ro l  t o  be used f o r  t h e  remainder 

of the t ra jectoqy is  recomputed a t  each point,  taking i n t o  account t h e  
deviation from the  nominal t r a j ec to ry  a t  t h a t  point .  The program operates 

in a closed-loop fashion because i t  continuously checks how it is doing i n  
i t s  attempt t o  s a t i s f y  terminal conditions.  

The advantage o f  this closed-loop approach is  tha t  l a r g e r  deviations from 

the nominal t ra jec tory  can be  to le ra ted  while still meeting terminal conditions.  

It is, therefore,  possible  to  move more rap id ly  from the i n i t i a l  nominal 
t ra jec tory  t o  the optimum t ra jec tory .  

It i s  not possible  to use the closed-loop mode of operation fo r  the  e n t i r e  

t ra jec tory .  Near the end of the t r a j ec to ry  t h e  cont ro l  var iab les  become too 
sens i t ive  t o  small perturbations from the  nominal. It is, therefore,  necessary 

t o  switch back to  open-loop operation a t  some point on the  t ra jec tory .  

Select ion of  I n i t i a l  Improvement i n  Terminal Mass 

I n  general, one does not know how far  from the optimum a given nominal 

t ra jec tory  w i l l  be. It is, therefore,  d i f f i c u l t  t o  guess how much mass 

inprovement t o  a.sk fo r .  On the o the r  hand, one can predic t  reasonable values 
f o r  the expected changes i n  c o n t m l  var iables  and adjustable  parameters. The 

procedure t o  be used, then, is t o  guess changes in the cont ro ls  and l e t  the  
conputer de temine  the corresponding change i n  terminal mass. The required 

calculat ions a r e  given here.  

Define dP2 a s  

dF2 i s  a measure of the amount of cont ro l  change. To obtain an estimate of 

dP2, average values of  $1 and & $  are  selected.  These a re  squared and 

rnultiplied by the expected burn time to  get  an approximate value f o r  the 

in t ez ra l .  Reasonable changes i n  the adjustable  parameters a re  a l so  selected 

and t h e i r  squares, modified by the  weighting functions,  a r e  added t o  t h e  

in t eg ra l  t e rns  t o  determine dP2 . 
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Subs t i tu te  Eqs. (11)and ( 1 2 )  w i t h  5 X = 0, i n t o  E q .  (13) to  obtain dP2 in 
terms of t h e  changes i n  t h e  terminal constraints. 

J 

Let  the inverted matrix be denoted as A with components A i j .  S p l i t  the d 
vector  into t i J O  par t s ,  d m d  and d fd . 

where s m d  is t h e  in i t ia l  change i n  terminal mass and 

The object now is t o  solve E q .  (14) f o r  s m d  i n  terms of dF'2 and d a .  

Rewrite a.(14)a s  -
A12 * 

dP2 = [grid dfl] I *21 A22 A 23 
A

32 -
J 

Let  the  minor of All be designated as 
c 

M = A22 A 23 
A

32 ' 

Then dP2 * All smt + 2NTdfds m d  + dSTMda 
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where 

Solving Eq. (15)for S m d  gives 

.~ 

-NT da + 

6.md e *11 
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PXOGRAMMING OF TIIE OPTIKIZATION EQUATIONS 

The programming of Eqs. (11)and ( 1 2 )  of the  previous sect ion w i l l  b e  described 
here.  The quan t i t i e s  that are  t o  be s tored  d i f f e r  depending on whether the 

computation i s  i n  the closed-loop o r  open-loop mode. TO ind ica te  the d i f f e r ­
ence, Eqs. (11)and (12)  are rewritten in t h e  following manner. 

Closed LOOD 

S 4 =  B d ' V  - D d X  

6 - r  = C d y  - E d X  

where B = W-1 T A 

.D = B X  
-1 TC = - Y S A  

E = C A  

ODen Loon 

&a= W-1AT K 
L T  = -Y-1ST K 

where K = A [d y/ - X a] 

Note tha t  I( i s  evaluated only once, a t  t he  point  that  t h e  cnmputation switches 

from closed t o  open loop operation. 


Terminology 


A fomard  run goes forward i n  t i m e .  With t h e  exception of t h e  f irst  forward 


run, a l l  forward runs a r e  e i t h e r  guidance o r  optimizations runs. On a forward 


guidance run, one attempts only t o  meet terminal conditions. On a forward 


optimization run, one attempts t o  obtain mass improvement along w i t h  meeting 

terminal conditions. The first forward run ( the  initial t ra jec tory)  u ses  a 

cont ro l  program t h a t  i s  read in .  


A backward run goes backward i n  time. A l l  backward runs are e i t h e r  guidance 

or  optimization runs depending on whether t h e  following forward run is t o  be 
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a guidance o r  optimization run. The equations f o r  t h e  q u a n t i t i e s  which a r e  
t o  be stored on the backward run a r e  d i f f e r e n t  f o r  guidance and optimization. 

A count i s  made of t h e  number of in tegra t ion  s teps .  KPOINL i s  the  number 
of the  integrat ion s tep  a t  which the computation switches from the  closed-
loop to  the open-loop mode of operation. 

The number of constraints ,  including mass, i s  given by JC.  I C  i s  1f o r  
optimization runs and 2 f o r  guidance runs. 

Computations t o  be made on Backward Runs 

The A ' s  a r e  s tored from the  f i n a l  point  t o  KPOINL. They a r e  placed i n  the 

DD storage area.  The indexes ML1 and I"L2 are  t h e  row locat ions i n  storage 

f o r  the two columns of the A m t r i x  being s to red  a t  the current  integrat ion 

s tep.  M L 1  and Pa2 s t a r t  a t  303 and 3&, respectively,  and a r e  reduced by 

two a t  each in tegra t ion  s tep  until KPOINL is reached. Then, NL1 and ML2 
are  s e t  equal t o  1 and 2.  During t h e  closed-loop port ion of t h e  t ra jectory,  

the current  A matrix is stored i n  the first two rows of DD. 

for a l l  i, j fm 1 t o  j c  f o r  i 4 j 

Jij i s  computed only f o r  the values of k corresponding t o  adjustable para­

meters t h a t  a r e  being optimized. The following t a b l e  r e l a t e s  the value of k 
to  a p a r t i c u l a r  adjustable  parameter. 
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1 

2 

3 
4 
5 
6 
7 
8 
9 

10 

k-
Length of 

Length of 

Length of 
Length of 

Length of 
Length of 

Length of 

Ad justable  Parameter 

coast  a f t e r  second bum in s tage  4 
second burn i n  s tage 4 
coas t  a f t e r  first burn i n  s tage 4 
first burn in stage 4 
coas t  a f t e r  s tage  3 
coast  a f t e r  s tage 2 

coast  a f t e r  s tage 1 
Time of day of launch 

I n i t i a l  azimuth angle 
I n i t i a l  f l i g h t  path angle 

Sik i s  computed a s  fo l lows:  

f o r  1 4  k c - 8  

i k  = X P  

where P = 

-1 

P is evalu Led t t k ;  end f t h  coas t  o r  burn t h  t i  being optimi ed . 
for k = 9 and 10 

C - Silo“ig -

YJC 
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Iij and Jij a r e  added term by term. The matrix (Ii j  + J i j) i s  then inver ted.  

On backward guidance runs, ' the  first row and column of (Ii j  + Ji j) a r e  not 

included i n  the  matrix to  be inverted.  On backward optimization runs, t he  

en t i r e  matrix is  inverted.  

Let  the  inverted matrix be represented by A .  Sto re  A when KPOINC = KPOINL. 

It i s  known as A92 a t  t h a t  point.  

J C  

i = I C ,  ..........J C  ( 9 )  
j = I C  

J C  

B2 i  E >1 *xj Aij  i = I C ,  ..........J C  (10) 

j = I C  

B22Y =  2 B2j d V j  
j = 2  

Store  Eil and i n  the  first column of B matrix and B12* and B22* i n  the  

second column. Two rows of t he  B matrix a r e  s tored  a t  each in tegra t ion  

point .  The indexes MB1 and MB2 give the row locat ion of t he  matrix being 

stored a t  the cur ren t  time. The B's a r e  s tored  only during the closed-loop 

p i r t  o f  t he  t ra jec tory .  

The C I S  a r e  computed and stored, a t  one time point  only, a f t e r  each adjustable  

parameter, o r  grroup of parameters, i s  introduced. The number of rows of the  
C matrix t h a t  a r e  s tored a t  any one time depends on the  number of parameters 

remaining t o  be adjusted from tha t  t i m e  forward t o  the end of the t ra jec tory .  

The indexes M C 1  and WC2 represent the  first and las t  row of the matrix being 
stored a t  the current  point. 
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D i s  a 2 x 7 matrix. It i s  s tored in the  DD storage area.  The indexes IJIBl 

and MB2 give the mow locat ion of the D matrix being s tored a t  the current  
time. D is stored only during the closed-loop part of  the t ra jec tory .  

E has the same number of rows as does C. It is  computed and stored a t  the  
same time a s  C and uses the same indexes, M C 1  and MC2. 

Computation t o  be made on a l l  forward mns a f t e r  the first 

For KPOINC < KPOINI, (closed-loop) 
7 

9 

For 	KPOINC = KPOINI, 

Compute K = A [dk - Ab.] 

where A and have been stored a t  th i s  point on the last backward mn. 

For  KPOINC 2 KPOINL 

- JC 
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Logic f o r  Determining Sequence of R u n s~-

The first run is forward with the t r a j ec to ry  va r i ab le s  f o r  t h e  following 

backward guidance run stored.  The second run is a backward guidance run. 
The th i rd  run i s  a forward guidance run. After each forward nu^, the 

quan t i t i e s  d y i  ( i = 2, ...., J C  ) a r e  computed. A check is then nade 
of the  magnitude (absolutie value) of d y i  compared t o  p e n f t t e d  values of 

the  deviations , dvpi ,which w i l l  b e  read in. If 

p f f i l  /- dYpi fo r  a l l  i , i - 2, ...., JC 
then a backward optimization run is made. If ldYil >dYpi f o r  any i , 

then a backward guidance run i s  made, A forward guidance run follows in an 


attempt t o  s a t i s f y  the  check on terminal constraints .  I f  s a t i s f i ed ,  a backward 


optimization run is  made. If not,  another set  of backward and forward 


guidance runs i s  made. This process continues u n t i l  the  cons t ra in t  check 


i s  sa t i s f i ed ,  a f t e r  which a backward optimization run i s  made. 


A t  t he  end of t h e  backward optimization run, & m d  i s  computed. If the 


square root  i s  r e a l  and hmd i s  posi t ive,  a forward optimization run i s  


made. If the square root  i s  complex o r  i f  s m d  i s  negative, an input 


value of g m d  i s  used. A forward optimization run is then made. A t  t he  


end of  t he  forward optimization run, t he  following checks a r e  made: 


(1) i s  s m I t f  posi t ive,  where b m l t f  = m a t  end of run - m a t  
end of l a s t  forward mn. 

If the answer t o  t h i s  is yes, 

( 2 )  is Idyil 4 dYpi f o r  a l l  i 

If the  answer t o  t h i s  is  yes, a backward optimization run i s  made followed 

by another forward optimization run. 

If the answer t o  e i t h e r  question is no, then $md is c u t  in half and another 
forward optimization run i s  made. This continues u n t i l  t h e  answers t o  questions 

(1)and ( 2 )  are both yes. 
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Eventually, the improvanent asked f o r  i n  mass, d md ,becomes less than& . 
A t  t h i s  point  a backward guidance run is made, followed by a final forward 

guidance run. 

The log ic  is i l l u s t r a t e d  i n  t h e  following diagram. 

Discontinuity i n  Ad j o i n t  Variables Across Closed-Form C o a s t  Periods - - .  c ~ . . 

The perturbatiors i n  t r a j ec to ry  var iab les  are discontinuous across  a closed-

form coast .  Consequently, a d iscont inui ty  m u s t  be introduced i n t o  the 
adjo in t  var iab les  so t h a t  

where the superscr ipts  1 and 2 represent t h e  beginning and end of the 
c oast ,  r e  spect i v e l y  . 
The per turbat ions a t  the  end of the coast  are expressed Fn terms of the 

i n i t i a l  per turbat ions through t h e  equation 

Subs t i tu te  Eq. (23) i n t o  ( 2 2 )  t o  give 

The coe f f i c i en t s  of sxl on both sides of Eq. (24) must be equal. Therefore 

x1 = A2 2 
a x  1 

The matrix of p a r t i a l  der iva t ives  i s  
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0 0 


0 0 


0 0 

0 0 1 0 

0 0 0 1 

0 0 

0 0 

These p a r t i a l  der ivat ives  are  evaluated as indicated in the next  section. 

Derivatives Across Closed-Fo__rmCoast 

For t h e  solut ion of adjoint  equations across  a coast  t ra jec tory ,  an evaluation 
i s  required of p a r t i a l  derivatives of  the s t a t e  var iables  a t  the  end of coast  

with respect to s t a t e  var iables  a t  the  beginning of coast  and with respect to 
t h e  (t ime) durat ion of cqast .  For t h e  coast  stages being computed using 

closed-form equations, these p a r t i a l s  a r e  evaluated numer ica l ly  by using 

the coast  equations. That is ,  a nominal ca lcu la t ion  of the coast  provides 

a s e t  ok s t a t e  var iab les  a t  beginning and end of t h e  coast .  Then, by 

enter ing the coast  equations again with a n  incrmented value of i n i t i a l  velo­
c i t y  (e.g.)  a new (perturbed) s e t  of s t a t e  var iab les  a t  the end of coast  is 
obtained. The p a r t i a l s  of the state var iables  with respect  t o  i n i t i a l  ve loc i ty  
a re  then formed by a simple r a t i o  of differences obtained in the  two calcula­

t ions.  This procedure is used for 
A
a‘$,

V , h  s 8 x,, G D  Y I )  __ . It*:, p:; &,, T,, 

includes transformations from rowing  t o  i n e r t i a l  a t  beginning of coast  and 

from i n e r t i a l  t o  ro ta t ing  a t  t h e  end. 
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The p a r t i a l s  of s tate va r i ab le s  a t  end of c o a s t  with respect  t o  the  coas t  

duration a r e  formed i n  the same way as i n  the integrated coast  stage. 
T h a t  is, time der iva t ives  of the t ra jec tory  var iables  a t  end of coast ,  with 

thrus t  = O., are obtained from t h e  DB2 subroutine. These a r e  multiplied by 
the l o c a l  coast-angle rate-of-change t o  obtain t h e  rate-of-change of the 

s t a t e  var iables  with respect  t o  coast  angle. 

I n i t i a l  Conditions for- Integration of the Adjoint Equations 

Referring to pages-?, it is seen t h a t  t h e  i n i t i a l  conditions on the  
ad jo in t  var iables  a r e  specified a t  the f i n a l  t i m e  and are given by 

x . - I - - I I  

where x i s  one'of t h e  t ra jec tory  var iables  

Z is t h e  terminal cons t ra in t  

and S is  the stopping parameter 

I n  PRESTO the first s e t  of adjoint  equations is always used f o r  the  mass 
constraint  and t h e  remaining sets for  the more general  constraints .  Thus, 

f o r  the first set of equations, 2 = m, and the i n i t i a l  conditions are  

given by 

The i n i t i a l  conditions f o r  the  other s e t s  of i n i t i a l  conditions a r e  

8-24 




I 


In  the coding of the ICs subroutine, a great m y  partial derivatives and 
t o t d  derivatives are formed. The following nomenclature conventions 
a r e  used. 

For partial derivatives the first l e t t e r  is P, the middle i s  

the dependent variable, and the last l e t t e r  is the independent 
variable. PVHVI - &VH/ &VI . 
For total  derivatives the first l e t t e r  is D and the rest  i s  the 
same. Thus, D W  dVH/dV. 
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PBSTO ATMOSPXERE SUBROUTINE 
(1959 m c  NODEL) 

Required:: Density, Pressure, Speed of Sound 
(PI (PI (a> 

Symbols 
h 	 geometric a l t i t u d e  i n  f e e t  (h - r - Re) 

geopotential  a l t i t u d e  i n  geopotential  f e e t '  

P densi ty  i n  slugs 

P pressure i n  Ib./ft.2 
a speed of sound 

*M Molecular-scale temperature i n  "R @ a l t i t u d e  H* 

+4 gradient  of T i n  terms of H*; i.e., 3 in o~/ft:
B H* 

Subscripts 

denotes property a t  sea l e v e l  h = H* 0 0 

b denotes property a t  base of pa r t i cu la r  l aye r  

Constants 

g o  = 32.154856 ft/sec2 (accelerat ion of gravi ty  measured a t  sea' l eve l )  

R* * 1715.1~827 ft2/ORsec2, gas constant �or air 

Re = 20,902,900 ft,, radius  of ear th  

Equations 

I 




TABm OF CONSTANTS AT BASE ALTITUDES 

H*b 

0 


36,089.239 

82,020.997 

154,139 -475 

173,884*5I.4 

259,186 352 

295,275 6 9 1  

344,488 189 

(TW)b 

518 69 

389,988 

389.988 

508.788 

508 788 

298.188 

298.188 

406.188 

DERIVATIVES OF (p, p, 

(%)b 

-3.56616 d o a 3  
0 

1.646592x10'3 

0 

-2.46888 d o m 3  

0 

2.19456 dom3 
1 .09728~~0-~  

a) WITH RESPECT TO ALTITUDE 

J() 
1. Assume ---li-*=
a (  1 

a 
2, For TYPE I ($)b 9 0 
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3. For TYPE I1 ($)b 0 
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SUBRDUTINE LUNEPH 

Purpose 


"he subroutine c a l c u l a t e s  the posi t ion of t h e  moon a t  a given date. 

Input:-	 T - date in "space age date" (number of days since 
January 0.0, 1960) a t  which t h e  posi t ion of the  
moon is calculated.  

output :-	 R - posi t ion vec to r  (dis tance i n  fee t ,  r i g h t  ascension 
and declination i n  radians)  of the moon r e l a t i v e  
t o  the e a r t h  in the i n e r t i a l  coordinate system 
defined by the Ecl ip t ic  199 .0  and the equator of 
date.  

Calling: CALL LUNEPH (T, R) 

Method of Solution: 	The program u t i l i z e s  t h e  equations derived i n  
ttDevelopment of a Computer Subroutine f o r  Planetary 
and Lunar Posit ions," by H. F. Michielsen and 
M. A .  Krop (WADD Technical Report 60-118).
The ephemeris i s  analyt ic  in fom,where the lunar 
distance and two posi t ion angles a r e  computed. from 
summations of t imeiperiodic terms. 

Accuracv: 	 M a x i "  e r r o r s  in computed lunar  rad ia l  distance 
and angular posi t ion are approximately 75 miles 
and .OS degrees, respectively.  
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Purpose 

The subroutine ca lcu la tes  the hyperbolic excess v e l o c i t y  vector for 
leaving ear th  and going t o  Venus o r  Mars. 

Input s:- T 1  = date  leaving earth, expressed in "space age date" 
(number of days s ince 1960.0). 

DEL'T t r i p  t i m e  from e a r t h  t o  a r r i v a l  planet  i n  days. 

I B  - p r r i v a l  planet  number Mars - 2 

V e n u s  = 3 

Outputs: VH = 	 hyperbolic excess speed vector (magnitude, r i g h t  
ascension, d'eclination) in t h e  i n e r t i a l  coo rd imte  
system defined by e c l i p t i c  and mean equinox 1960.0. 

Calling: CALL PLANEP ( T I ,  DELT, IB ,  I%) 

Method of Solution: The subroutine is an extract from the Lockheed 
Wedium Accuracy Interplanetary Transfer 
Program" (S. Ross). This program assumes the 
p lane ts  t o  move in fixed hel iocentr ic  e l l i p s e s  
mutually inclined. Using a modified form of 
Lamberts Theorem the routine solves  f o r  the 
hel iocentr ic  t r a n s f e r  a rc  connecting the two 
p lane ts  a t  the specif ied dates.  It then computes 
the geocentr ic-referezed magnitude and d i rec t ion  
of the hel iocentr ic  e l l i p s e  ve loc i ty  a t  Earth 
center.  This geocentric veloci ty  represents t h e  
required magnitude and direct ion of the departure 
hyperbolic excess veloci ty  vector.  T h a t  i s ,  t h e  
asymptote of the departure hyperbola must be 
directed along t h i s  vector .  An approxinntion 
i s  allowed, however, i n  t h a t  any hyperbola (of proper 
energy) whose asymptote l i e s  r a l l e l  t o  the required
vector i s  acceptable. Thus, paa conic overlap" 
construction is employed i n s t e a d  of a matching a t  
a par t icu lar  point i n  space. This construction 
mater ia l ly  s implif ies  the ca lcu la t ion  procedure and 
comparisons have shown t h a t  the accuracy obtained 
thereby l ies  w e l l  wi thin design tolerances.  
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THE RKAD INTEGRATION SUBROUTINE 

The in tegra t ion  subroutine i n  PRESTO makes use of both the  Runge-Kutta and 
the Adam methods of integrat ion.  The Adams method i s  f a s t e r  than t h e  

Runge-Kutta but  requi res  knowledge of the  va r i ab le  a t  a number af poin ts  
p r i o r  t o  the current  point .  It, therefore ,  cannot be used t o  start  the  

in tegra t ion .  The Runge-Kutta method does not require  past information and 
can be used t o  start the  integrat ion.  

The approach used i n  the program, then, i s  t o  s t a r t  t he  in tegra t ion  with the 

Runge-Kutta method and t o  switch t o  the  Adams method a f t e r  four s teps  of 

in tegra t ion .  This procedure is repeated a t  the  beginning of each stage 

because the Adams method caxkot t o l e r a t e  t h e  t h r u s t  d i scont inui t ies  

associated with staging. 

I f  there  a r e  any d iscont inui t ies  i n  thrust  o r  rate-of-change of t h rus t  within 
a stage, i t  is necessary t o  use the Runge-Kutta method u n t i l  the discont inui ty  

has  been passed. Provision has been made i n  the program t o  keep the in t e ­
gration package i n  the Runge-Kutta mode u n t i l  a velocity,  specified i n  the 

input, is reached. Also, i f  the change i n  angle-of-attack exceeds 15 degrees 

from point t o  point,  the integrat ion will switch t o  the  Runge-Kutta method. 

The Runge-Kutta method used is standard. The Adams method computes the incre­

ment in any var iable  i n  terms of the current  der iva t ive  and the  der ivat ives  

a t  the three  previous points.  The increment d y  is given by 

- ( S y ,  - s q ,  +37y2 - 9 j r )  S t  
SY - +5 

where &t i s  the s i z e  of the in tegra t ion  s tep,  yI i s  the cur ren t  der ivat ive,  

and j$. i s  the  der iva t ive  one point back, e tc .  
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Purpose July 2 4 ,  1964 

This subroutine ca lcu la tes  the inverse of a matrix. 

Method 

The method of Crout i s  used. The m a t r i x  A is decomposed i n t o  an upper 
t r iangular  matrix U and a lower triangular matrix L such that A = L U. 
Then L-1 and U-1 a r e  computed by a closed s e t  of operations. A- l rU- lL-1  
is then computed. During t h e  decomposition a pivot search is employed 
following Wilkinson's precr ipt ions f o r  re ta in ing  accuracy. For a complete 
description of the Crout method see F. E. Hildebrand, IIIntroduction t o  
Numerical Analysis, McGraw-Hill, 1956, pp 429-439. 

Usage-
Entrance is made v i a  the FORTRAN statenrent i n  the c a l l i n g  program, 

CALL IXVERT (A,  IMAX, ISING) 

where 1) A i s  the tag  of the matrix t o  be inverted.  After the  
inversion is complete, the inverse is stored i n  this tag.  
Therefore, t h e  o r i g i n a l  matrix is destroyed. 

2) IMAX is the number of rows i n  t h e  matrix. 

3 )  	 ISING will be s e t  equal t o  zero i f  the inversion was 
successful. ISING will equal one if t h e  matrix i n  A was 
singular.  

The above dummy var iab les  may be replaced by other  sui table  names. For 
compatibil i ty purposes with t h i s  subroutine which was compiled with 
dimension e n t r i e s  of 6x6, dimension e n t r i e s  f o r  t h e  2 dimensional a r r a y s  
in the  c a l l i n g  program must have a row dimension equal t o  6. A l l  t h e  
e n t r i e s  of 6 i n  t h e  subroutine can be changed to a more 'suitable value. 

-Space Required 

80710 (14J~7)~loca t ions  

Timing 

Running time ( T  i n  seconds) i s  approximately T - .OOln', where n i s  the  
number of raws in the matrix. 

Restr ic t ions 

There are no inherent  limits of t h e  s i z e  of t h e  m a t r i x  t o  be inverted.  
Accuracy of the  inverse depends upon the par t icu lar  case. It i s  recommnded 
t h a t  t h e  mult ipl icat ion A A-1-1 t o  be  p e r f o m d  and the i d e n t i t y  checked. 
For a la rge  group of 70 x 70 production cases t h i s  check has been made and 
the i d e n t i t y  w a s  observed t o  b e  accurate to no less than six decimal places  
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in all cases. A badly conditioned matr ix  l ike  t h e  Hilbert matrix w i l l  f a i l  
miserably a t  7 x 7 .  

Author-
Ira Hanson, Lockheed Missiles & Space Company
July, 1961 



Fl% F HSIV 
SYMMETRIC MATRIX 
INVERSION 

IDENTIFICATION 


F1% F HSIV SYMMETRIC MATRIX INVERSION 
Ira C. Hanson 
November 1962 

PURPOSE 


This subroutine calculates the inverse of a symmetric matrix. 


METHOD 


The algorithm of Cholesky is used to decompose the symmetric matrix A into 
a triangular matrix B such that A = BB*. -Theasterisk denotes transpose.
If the matrix A is not positive-definite the matrix B will contain some 
imaginary elements. The triangular matrix B is then inverted by direct 
elimination. Since (~-1)"= (~*)-lit is unnecessary to compute (~~1-1. 
The final inverse is then computed as follows. A-1 = (B*)-1 B-1. All 
imaginary elements drop out at this point. Only the upper triangular 
part of A is used in the computation. 

For a complete description of the algorithm of Cholesky see E. Rodewig, 
"Matrix Calculus," North Holland Publishing Company-Amsterdam, 1956, 
pp. 110-114. 

USAGE 


Entrance to the subroutine is made via the FORTRAN statement in the calling 

program. 


CALL SYMVRT (A, N, ISING) 


where 1) A is the label of the matrix to be inverted. Only the 
upper triangular part of A is required. After the 
inversion is complete, the inverse is stored in the lower 
triangular part of A .  The original matrix is destroyed. 

2 )  N is the number of rows in the matrix. 

3 )  	 ISING will be set to zero if the inversion was successful. 
ISING will equal one if the matrix in A is singular. 

The subroutine uses three temporary single subscripted arrays. These arrays 
must be dimensioned at least as large as the row entry of the A array. These 
arrays may be placed in COMMON to conserve storage if desired. 

RESTRICTIONS 


The Cholesky decomposition will fail if a zero appears during the computation 

of the diagonal elements and also if A(l,l)=0. This does not necessarily 

mean the matrix is singular, but it does mean the calculation of the inverse 
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has f a i l ed .  There is  no p r a c t i c a l  fool-proof method of a p r i o r i l y  in t e r ­
changing rows and columns t o  avoid t h i s  t rouble .  Interchanging after a 
zero is  detected is not a solut ion because the  remaining elements may a l so  
be zero and the  matrix s t i l l  not be s ingular .  Therefore no pivot search 
is  attempted i n  t h i s  subroutine and it should only be used i n  a physical 
appl icat ion where it is  known t h a t  t h i s  r e s t r i c t i o n  is  not prohibi t ive.  
Otherwise the Crout method subroutine F1 * ML F HINT should be used which 
has a complete pivot  search. 

SPACE REQUIRED 

620 c e l l s  are required.  

TIMING 

Running time (T i n  seconds) i s  approximately T = .00005 n3, where n i s  the 
number of rows i n  t h e  matrix. A 36 x 36 case took 3.6 seconds. 

ACCURACY 

Accuracy depends on the  pa r t i cu la r  case being run. E. Bodewig says, "a 
fea ture  of the  method i s  t h a t  it y ie lds  smaller rounding e r ro r s  than the  
method of Gauss-Doolittle o r  other  methods". Several  random cases were 
compared with the  Crout inversion subroutine F1 * ML F HIXC and i n  a l l  
cases the  AA-1 = I check was as good as o r  b e t t e r  using SYMVRT. 

Author : 

Systems : 
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AND :+ CONSTRAINTS 

The program contains  an option f o r  keeping o( = 0 o r  4- below a speci­
f i e d  value f o r  a given time period. IP(11) in da ta  block 4 i s  used to 
ac t iva t e  t h i s  option. The magnitude of & and the  time period of the 
cons t ra in t  are q e c i f i e d i n  da ta  block 22. 

When the zero-alpha option is used, T a n d p  are set t o  zero on for­
ward t r a j e c t o r i e s  f o r  the  t i m e  period over which the cons t r a in t  is to 
be applied. During this t i m e  period on backward t r a j ec to r i e s ,  t h e  
in t eg ra l s  Iij are held constant. This is done because t h e  cont ro l  
var iables  are f ixed  and cannot effect the  terminal cons t ra in t  
quant i t ies .  

i n  the regionFor the Go( cons t ra in t ,% is set  equal t o  ({%)/;i

where the cons t ra in t  would otherwise be violated. To accomplish this,

\ a n d x  are reduced by a common percentage. On backward t f a j ec to r i e s ,  

the in t eg ra l s  Iij are held constant during the interval that q'( is  on 

the cons t ra in t  boundary. On forward t r a j e c t o r i e s , s \  and SF are can­

puted as if there were no constraint. The resu l t ing  values of 7 and ')c 

are then l imi t ed  as mentioned above. 


Note t h a t  e i t h e r  eta or  t h e t a  may be specified as the cont ro l  var iable  

on the i n i t i a l  nominal t ra jectory.  Also, the cons t ra in t  is removed 

a t  the f i r s t  in tegra t ion  point  after the t i m e  specif ied f o r  removal of 

the constraint .  Thus, i f  it is  desired t o  remove t h e  c m s t r a i n t  a t  

the end of a f i r s t  s tage  which bums f o r  100 seconds, set  the time far 

removal of the cons t ra in t  a t  99.9 seconds. 
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FIXED FXNAL STAGE OPTION 

The purpose of t h i s  option is t o  solve f o r  the  maximum payload capabi l i ty  of a 

configuration which has  a f i x e d  burn t i m e  i n  a l l  stages.  Each forward t ra jec tory  

terminates a s  it normally would when the intended value of the stopping parameter 

i s  reached. However, the payload and thus the gross weight, i s  adjusted a t  the 

beginning of each t r a j e c t o r y  so that a l l  the propel lant  i n  t h e  f ina l  s tage should 

be used when t h e  stopping condition is s a t i s f i e d .  

The option i s  ca l led  by s e t t i n g  IP(I.b)=l i n  data  block 4. Stage weights should 

be computed using the b e s t  possible estimate of payload. 

A t  the  end of t h e  first forward guided run, the f u e l  remaining i n  the  l a s t  

stage is  computed. This quant i ty  is cal led IkJFUEL. If IkJFUEL i s  l e s s  than 1% 

of the f i n a l  weight, t h e  guided run i s  successful,  assuming the other  terminal 

constraints  have been s a t i s f i e d .  If IMFUEL i s  grea te r  than 1%of the f i n a l  

weight, t h e  forward guided run is unsuccessful and a backward guidance run is 

made. Af the  end of t h i s  backward run, the  change i n  payload requiredto zero 

DdFuEL, while meeting terminal conditions, is computed. This quantity i s  cal led 

DWP. I"is computed a s  follows. 

The changes i n  the cont ro l  var iable  and adjustable  parameters required to meet 

terminal conditions w i t h  no cons t ra in t  on f i n a l  weight a r e  given by 

The equations are  i d e n t i c a l  t o  the basic cont ro l  equations with the exception 

t h a t  the first row and/or column of a l l  matrices a r e  l e f t  out.  
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The change i n  f ina l  mass t h a t  will be produced by given changes i n  i n i t i a l  

conditions, control  var iables  and adjustable  parameters is 

where 	 A, is  the first row of t h e  A matrix 

A, i s  t h e  first row of the A matrix 

2, is the first r o w  of t h e  s matrix 

h a n d  $7 required t o  meet terminal conditions are given i n  Equations (1) 


and ( 2 ) .  Subs t i tu te  these values i n t o  Equation (3). 


where i s  the inverted matrix appearing i n  the brackets i n  Equations (1) 


and ( 2 ) .  


Equation ( h )  gives the  changes i n  f i n a l  mass associated w i t h  adjust ing gd and &? 


i n  order t o  meet terminal conditions i n  the presence of an  i n i t i d  perturbation 6%. 

The only component of sx t h a t  is not  zero i s  &MI; 1 t h e  adjustment i n  launch 


mass tha t  is t o  be determined. 


and G = FA 


Then Equation (&) may be written as 
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where is i n  the  f i f th  colwnn of t h e  row m a t r i x  A,  and G5 i s  i n  the f i f t h  

column of t h e  row matrix G. 

The ne t  change i n  f i n a l  mass, assuming INFUEL is t o  be zeroed is 

Subst i tute  t h i s  expression in to  muat ion ( 5 )  and solve f o r  DdF' where P!&' = 900crA;. 
The result is 

This calculat ion is made i n  t h e  Mm subroutine a t  the end of every backward 

guidance run a f t e r  the  first one, 

On forward optimization runs the change i n  launch weight is s e t  equal t o  

the sum of the f u e l  remaining on the l a s t  nominal plus  the expected increase 

i n  f i n a l  weight; i.e., 

Thus, i f  the  expected improvement i s  obtained, t h e r e  w i l l  be no f u e l  l e f t  a t  

the time the  stopping condition is reached. The quant i ty  dy, is printed out 

a s  DW F'INAL. 

A t  the end of each backward guidance run, the  p a r t i a l  der ivat ives  re la t ing  

"EL and d y i  (&2,6)  t o  Ilwp a r e  pr inted out.  These quant i t ies  a r e  

obtained from Eq. (7). The e f f e c t  on payload of any errors in f u e l  o r  terminal 

constraints  on the l a s t  guided run may be determined through use of these p a r t i a l  

der ivat ives .  
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CIRCULAR PARK ORBIT OPTION 

The purpose of this option is t o  introduce a c i r c u l a r  park o r b i t  
a t  or above a specif ied a l t i t u d e .  This option is act ivated by specifying 

stage 8 a s  the park o r b i t  coast  stage. The s tage pwceding coast  stage 8 
must be one of the first two bums of stage b.  This burn duration i s  not 
t o  be selected a s  an adjustable  parameter. Adjustment of coast  stage 8 
duration i s  optional. The minimum allowable a l t i t u d e  f o r  the park o r b i t  is 
specified i n  data block 23. 

The fourth stage burn preceding coast  stage 8 i s  terminated when 
l o c a l  c i r c u l a r  o r b i t a l  veloci ty  i s  reached. A cons t ra in t  on i n e r t i a l  

f l i g h t  path angle equal zero i s  automatically introduced a t  the end of 
t h i s  burn. If the a l t i t u d e  of the  park. o r b i t  f a l l s  below the specif ied 

minimum l e v e l  on a successful guidance or optimization run, then a constraint  
i s  placed on the  a l t i t u d e .  The permitted deviation from rthese two in te r ­

mediate cons t ra in ts  a r e  specif ied in data block 29,  Fmmediately following 
the permitted deviation i n  the terminal constraints .  The permitted devia­

t i o n  i n  i n e r t i a l  f l i g h t  path angle comes first. It is suggested t h a t  .1 
degree and 10,000 f e e t  be used for  the  deviations i n  path angle and 

a l t i t u d e ,  respectively.  

Because of the  f a c t  that the turn preceding coast  s tage 8 tenninates 

when a stopping condition i s  reached, ra ther  than a t  a f ixed time, t h e r e  i s  
a discont inui ty  i n  t h e  ad jo in t  var iab les  a t  t h a t  point.  This discontinuity 
a r i s e s  because deviations in cer ta in  t ra jec tory  var iables  a f f e c t  the t i m e  
a t  which the burn will end. This change i n  burn length, in turn,  a f f e c t s  
the terminal constraints .  The method f o r  computing the discontinuity is 
indicated below. 

Let S, a function of the t ra jec tory  variables, be the stopping para­
meter. The nominal t ra jec tory  reaches S a t  time tn . The perturbed 
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t ra jec tory  reaches S a t  time t
P’ 

Point 1 Occurs a t  tn f o r  both the nominal 

and perturbed t r a j e c t o r i e s .  Point 2 represents  the  time a t  the  beginning 
of the  coast  f o r  both .tkajec.tol-ies. 

Consider t he  bas ic  per turbat ion equation 
-t 

For a specif ied perturbed t ra jectoxy,  d)’ is constant regardless  of the 

time a t  which (1)is evaluated. On the nominal t ra jec tory ,  po in ts  1and 2 

a r e  coincident. The contr ibut ion of the l as t  two terms on the r i g h t  hand 
s ide of E q .  (1)t o  dy is, therefore,  the same a t  poin ts  1and 2. I f  $ y 
‘is t o  remain constant,  A’8J’ must equal ,where the  superscr ipts  

denote poin ts  1and 2. 

2
X is found from the  equation 

where j ( ‘  i s  the  r a t e  of change of t r a j ec to ry  var iab les  a t  1and 

st = tp’t, 
Let & &  be t h e  change i n  the  stopping parameter a t  tn on the perturbed 
t ra jec tory .  Then 

s t = - -SS 
1 1  S ’  (3 )  

where s ‘  is  the  r a t e  of change of s a t  point  1on the  nominal t ra jec tory .  

Subs t i tu te  Eq. (3) i n t o  m. ( 2 )  

‘ I  
SA2 = SA 1 - ,x_ ss 

5 ’  

Subst i tute  Eq. (&) i n t o  the expression A ’ S x  I 
2 h‘sx2 

10-6 




gs m y  be wr i t ten  a s  

ss = 	bS SJ' 
dJ 

Subs t i tu te  Eq. (6) i n t o  .Eq. ( 5 )  t o  give 

The coef f ic ien ts  of Sr I 
are the  sam on both s ides  of Eq. (7). Therefore, 

The ad jo in t  equations a r e  integrated backwards i n  time. x2 i s  therefore  
asknown. - and ' a r e  evaluated on the  backward t ra jec tory .  ' isax 

stored on forward t r a j ec to r i e s .  

For the case a t  hand, the  stopping condition is t h a t  

Then 

and 

where vL i s  l o c a l  c i r c u l a r  o r b i t a l  veloci ty .  
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TOTAL FLIGHT TIME CONSTRAINT 

For t r a j e c t o r i e s  containing a t  least one coast ,  it is possible  t o  
constrain the t o t a l  f l i g h t  t i m e .  IP(13) i n  da t a  block h i s  used 
t o  a c t i v a t e  this option. Total f l i g h t  O i m e  is specif ied i n  data 
block 17. mis option can be used on a l l  s i x  missions. 

The length of the last  coast  i n  the t r a j ec to ry  i s  used t o  meet t he  
t o t a l  time constraint .  The time change in t h i s  coas t  is set  equal  
t o  the negative sum of the changes i n  e a r l i e r  coas ts  plus the error 
i n  t o t a l  time on the last  forward t ra jec tory ,  Le. 

srv = -(J$yK 4 time on las t  forward - desired total t i m )  

where the subscr ip t  V denotes the last coast .  

Because changes i n  a l l  e a r l i e r  coasts  are compensated f o r  by a cnange 
i n  the final coast, t he  S vector associated with each e a r l y  coas t  is 
changed. For a coast  corresponding to  adjustable parameter k, the 
term Sik is replaced by Sik-Siv. 

The l a s t  coast  is included as an adjustable  parameter i n  da ta  block 6. 
However, the S vector associated with this coast  i s  s e t  t o  zero by 
the program. 

The d31/ vector (corrections i n  terminal constraints)  m u s t  be adjusted 
t o  account f o r  the change i n  the l as t  coast  associated with the e r r o r  
in t o t a l  time on the las t  forward t ra jectory.  If t h i s  e r ro r  is 
denoted by ST, the  quantity S i s T  is sub racted from d v i  before t h e  
l a s t  coast .  After the last coast, each &i is res tored  to i t s  
o r ig ina l  value. 

Note t h a t  s tage 5 ( t h e  integrated coas t )  may not be used as  the las t  
coast .  
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COAST RADIUS OF "GEE CONSTRAINT 

This cons t ra in t  is used to  prevent the altitude during the Last coast, 
i n  the input  s tage sequence, from f a l l i n g  below a spec i f ied  value. The 
cons t ra in t  i s  applied if,  and only i f ,  closed-form coas t  s tage  9 is  
used f o r  the l a s t  coas t  stage. When act ivated,  the  cons t ra in t  i s  
placed on the coas t  perigee a l t i t ude .  The m i n i m u m  allowable a l t i t u d e  
i s  spec i f ied  i n  da t a  block 23. I n  addi t ion,  a permitted deviation 
from the  minimum a l l a sab le  perigee a l t i t u d e  must be spec i f ied  i n  data 
block 29, as is done f o r  the se lec ted  terminal constraints .  This 
number i s  inser ted  immediktely after the l a s t  number appearing i n  t h i s  
block; i.e., i f  there  are two terminal cons t ra in ts  to be m e t ,  the  addi­
t i o n a l  number wouLd be placed i n  the t h i r d  position. Also, the t rans i ­
t ion from closed-loop t o  open loop operation must occur before t h e  last 
coast. 

A t  the  end of the l a s t  coas t  stage,  a series of tests a re  made t o  deter­
mine whether the a l t i t u d e  during the coas t  v io la ted  the mini"  allowable 
level .  If the coas t  radius of perigee is above t h i s  minimum level, 
t h e , a l t i t u d e  during coas t  will be sa t i s fac tory .  However, if the rad ius  
of perigee i s  below the minimum allmable value, the perigee cons t ra in t  
w i l l  be ac t iva ted  unless t h e  coast has a l l  of t h e  following properties: 

1) 	 The a l t i t u d e  a t  both ends of the coas t  must be above the 
minimum. 

2) 	 The f l i g h t  path angle must be posi t ive a t  the beginning 
of coast. 

3) The coas t  angle must be less than 180'. 

If any of these conditions is  not  m e t ,  and if the forward run is a 
guidance run that meets terminal conditions or a successful  optimiaa­
tLon run, then  a radius  of perigee cons t r a in t  is  applied t o  the  last  
coast. 

After t he  program decides t h a t  a perigee cons t ra in t  is required, a 
backward guidance run is made. The number of terminal cons t ra in ts  
is increased by one t o  make room f o r  the addi t iona l  cons t ra in t .  A t  
the end of the powered s tage preceding the last coast ,  the i n i t i a l  
conditions f o r  the ad jo in t  var iables  associated with the perigee 
constraint  are introduced. Thus, the perigee cons t r a in t  is i d e n t i c a l  
t o  any other  terminal cons t ra in t  except t h a t  it is t o  be satisfied 
a t  the beginning of the  l as t  coast. 
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“The aeronautical and space activities of the United States shall be 
conducted so CLT to contribute . . . to the expansion of human knowl­
edge of phenomena in the atmosphere and space. The Administration 
shall provide for the widest practicable and appropriate dissemination 
of information concerning its activities and the results thereof .I’ 

-NATIONALAERONAUTICSAND SPACE ACTOF 1958 
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